

Giovanni Landi 

An Introduction 
to Noncommutative 
Spaces and Their 
Geometries 






® Springer 



Lecture Notes in Physics 

New Series m: Monographs 

Editorial Board 

H. Araki, Kyoto, Japan 
R. Beig, Vienna, Austria 
, J. Ehiers, Potsdam, Germany 
U. Frisch, Nice, France 
K. Hepp, Zurich, Switzerland 
R. L. Jaffe, Cambridge, MA, USA 
R. Kippenhahn, Gottingen, Germany 
H. A. Weidenmiiller, Heidelberg, Germany 
J. Wess, Miinchen, Germany 
J. Zittartz, Koln, Germany 

Managing Editor 
W. Beiglbock 

Assisted by Mrs. Sabine Lehr 

c/o Springer- Verlag, Physics Editorial Department II 

Tiergartenstrasse 17, D-69121 Heidelberg, Germany 



Springer 

Berlin 

Heidelberg 

New York 

Barcelona 

Budapest 

Hong Kong 

London 

Milan 

Paris 

Santa Clara 

Singapore 

Tokyo 




Preface 



These notes arose from a series of introductory seminars on noncommutative 
geometry I gave at the University of Trieste in September 1995 during the X 
Workshop on Differential Geometric Methods in Classical Mechanics. It was 
Beppe Marmo’s suggestion that I wrote notes for the lectures. 

The notes are mainly an introduction to Connes’ noncommutative geome- 
try. They could serve as a ‘first aid kit’ before one ventures into the beautiful 
but bewildering landscape of Connes’ theory. The main difference from other 
available introductions to Connes’ work, is the emphasis on noncommutative 
spaces seen as concrete spaces. 

Important examples of noncommutative spaces are provided by noncom- 
mutative lattices. The latter are the subject of intense work I am doing in 
collaboration with A.P. Balachandran, Giuseppe Bimonte, Elisa Ercolessi, 
Fedele Lizzi, Gianni Sparano and Paulo Teotonio-Sobrinho. These notes are 
also meant to be an introduction to this research. There is still a lot of work 
in progress and by no means can these notes be considered as a review of ev- 
erything we have achieved so far. Rather, I hope they will show the relevance 
and potentiality for physical theories of noncommutative lattices. 

Cambridge, October 1997. 




Preface to the Online Edition 



Since this monograph first appeared in October 1997, there has been a host 
of important developments in the subject. My personal taste would select 
the following three lines of research but there is much more which I am not 
mentioning here for lack of space(-time). 

1. Applications of noncommutative geometry to string theories. 

The number of papers in the subjects is by now overwhelming. I only mentions 
the ones that are at the origin of this activity. In [43] toroidal compactifica- 
tions of Matrix theory were extended to compactifications on the noncom- 
mutative torus and classified by methods of noncommutative geometry. In 
[138] a limit was identified in which the entire string dynamics is described 
by a gauge theory on a noncommutative space. The analysis there led to an 
unexpected equivalence between ordinary gauge fields and noncommutative 
gauge fields which is realized by an explicitly described change of variables. 
It is also important to mention the paper [125] where Yang-Mills theory on 
a noncommutative provides an understanding of the desingularization of 
the moduli space of ‘commutative’ Yang-Mills instantons. 

2. Hopf algebras of renormalization. 

In [105] the combinatorics of perturbative renormalization of quantum field 
theories were related to a Hopf algebra whose antipode gives a conceptual 
understanding of the subtraction procedure. In a series of paper [45] this Hopf 
algebra has been related to the Hopf algebra introduced via noncommutative 
geometry computation of the transverse index theory of foliations [48] and 
to a Riemann-Hilbert problem of a suitable group of loops on the dual of the 
Hopf algebra. Again, intense activity is registered in this area of research. 

3. New examples of noncommutative manifolds. 

Quite recently, new examples of noncommutative manifolds, notably noncom- 
mutative 4-spheres Sg which are deformation of the commutative 4-spheres 
5^, have been constructed [46]. These example arise naturally from basic 
considerations of noncommutative differential geometry and have non triv- 
ial global features. The noncommutative spheres are then endowed with the 
structure of a noncommutative spin geometry via a suitable spectral triples 
which realizes them as isospectral deformations (all spectral data, including 
the classical dimension, four, of the geometry are unchanged) . Some general- 
izations are to be found in [151, 140, 44, 5[; related work is in [52, 53]. 




X 



Preface to the Online Edition 



In the present online edition we have corrected misprints, updated the 
reference list and clarified several points throughout the text. We strongly feel 
that these notes will continue to be a useful introduction to noncommutative 
geometry and its use. 

Trieste, March 2002. 
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1 Introduction 



In the last fifteen years, there has been an increasing interest in noncommu- 
tative (and/or quantum) geometry both in mathematics and in physics. 

In A. Connes’ functional analytic approach [34], noncommutative C*- 
algebras are the ‘dual’ arena for noncommutative topology. The (commuta- 
tive) Gel’fand-Naimark theorem (see for instance [76]) states that there is 
a complete equivalence between the category of (locally) compact Hausdorff 
spaces and (proper and) continuous maps and the category of commutative 
(not necessarily) unital^ C'*-algebras and *-homomorphisms. Any commuta- 
tive C'*-algebra can be realized as the C'*-algebra of complex valued functions 
over a (locally) compact Hausdorff space. A noncommutative C*-algebra will 
now be thought of as the algebra of continuous functions on some ‘virtual 
noncommutative space’. The attention will be switched from spaces, which 
in general do not even exist ‘concretely’, to algebras of functions. 

Connes has also developed a new calculus, which replaces the usual differ- 
ential calculus. It is based on the notion of a real spectral triple (A, "H, D, J) 
where A is a noncommutative *-algebra (indeed, in general not necessarily 
a C* -algebra), "H is a Hilbert space on which A is realized as an algebra 
of bounded operators, and D is an operator on % with suitable properties 
and which contains (almost all) the ‘geometric’ information. The antilinear 
isometry J on % will provide a real structure on the triple. With any closed 
n-dimensional Riemannian spin manifold M there is associated a canonical 
spectral triple with A = the algebra of complex valued smooth func- 

tions on M; H = L‘^{M, S), the Hilbert space of square integrable sections of 
the irreducible spinor bundle over M] and D the Dirac operator associated 
with the Levi-Civita connection. For this triple Connes’ construction gives 
back the usual differential calculus on M. In this case J is the composition 
of the charge conjugation operator with usual complex conjugation. 

Yang-Mills and gravity theories stem from the notion of connection (gauge 
or linear) on vector bundles. The possibility of extending these notions to the 
realm of noncommutative geometry relies on another classical duality. The 
Serre-Swan theorem [143] states that there is a complete equivalence between 
the category of (smooth) vector bundles over a (smooth) compact space and 
bundle maps and the category of projective modules of finite type over com- 

^ A unital C*-algebras is a C*-algebras which has a unit, see Sect. 2.1. 



G. Landi: LNPm 51, pp. 1—5, 2002. 
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mutative algebras and module morphisms. The space r{E) of (smooth) sec- 
tions of a vector bundle E over a compact space is a projective module of 
finite type over the algebra C{M) of (smooth) functions over M and any 
finite projective (^(Mj-module can be realized as the module of sections of 
some bundle over M . 

With a noncommutative algebra A as the starting ingredient, the (ana- 
logue of) vector bundles will be projective modules of finite type over A."^ 
One then develops a full theory of connections which culminates in the def- 
inition of a Yang-Mills action. Needless to say, starting with the canonical 
triple associated with an ordinary manifold one recovers the usual gauge the- 
ory. But now, one has a much more general setting. In [47] Connes and Lott 
computed the Yang-Mills action for a space M x Y which is the product of 
a Riemannian spin manifold M by a ‘discrete’ internal space Y consisting 
of two points. The result is a Lagrangian which reproduces the Standard 
Model with its Higgs sector with quartic symmetry breaking self-interaction 
and the parity violating Yukawa coupling with fermions. A nice feature of 
the model is a geometric interpretation of the Higgs field which appears as 
the component of the gauge field in the internal direction. Geometrically, the 
space M xY consists of two sheets which are at a distance of the order of the 
inverse of the mass scale of the theory. Differentiation on M x Y consists of 
differentiation on each copy of M together with a finite difference operation 
in the Y direction. A gauge potential A decomposes as a sum of an ordinary 
differential part and a finite difference part which gives the Higgs 
field. 

Quite recently Connes [38] has proposed a pure ‘geometrical’ action 
which, for a suitable noncommutative algebra A (noncommutative geom- 
etry of the Standard Model), yields the Standard Model Lagrangian cou- 
pled with Einstein gravity. The group Aut{A) of automorphisms of the al- 
gebra plays the role of the diffeomorphism group while the normal subgroup 
Inn{A) C Aut{A) of inner automorphisms gives the gauge transformations. 
Internal fluctuations of the geometry, produced by the action of inner auto- 
morphisms, give the gauge degrees of freedom. 

A theory of linear connections and Riemannian geometry, culminating 
in the analogue of the Hilbert-Einstein action in the context of noncommu- 
tative geometry has been proposed in [27]. Again, for the canonical triple 
one recovers the usual Einstein gravity. When computed for a Connes-Lott 
space M X Y as in [27], the action produces a Kaluza-Klein model which 
contains the usual integral of the scalar curvature of the metric on M, a 
minimal coupling for the scalar field to such a metric, and a kinetic term 
for the scalar field. A somewhat different model of geometry on the space 
M X Y produces an action which is just the Kaluza-Klein action of unified 

In fact, the generalization is not so straightforward, see Chapter 4 for a better 

discussion. 
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gravity-electromagnetism consisting of the usual gravity term, a kinetic term 
for a minimally coupled scalar field and an electromagnetic term [110]. 

Algebraic A'-theory of an algebra A, as the study of equivalence classes of 
projective modules of finite type over A, provides analogues of topological in- 
variants of the ‘corresponding virtual spaces’. On the other hand, cyclic coho- 
mology provides analogues of differential geometric invariants. A'-theory and 
cohomology are connected by the Chern character. This has found a beautiful 
application by Bellissard [10] to the quantum Hall effect. He has constructed 
a natural cyclic 2-cocycle on the noncommutative algebra of function on the 
Brillouin zone. The Hall conductivity is just the pairing between this cyclic 
2-cocycle and an idempotent in the algebra: the spectral projection of the 
Hamiltonian. A crucial role in this analysis is played by the noncommutative 
torus [133]. 

In these notes we give a self-contained introduction to a limited part of 
Connes’ noncommutative theory, without even trying to cover all its aspects. 
Our main objective is to present some of the physical applications of non- 
commutative geometry. 

In Chapter 2, we introduce C*-algebras and the (commutative) Gel’fand- 
Naimark theorem. We then move to structure spaces of noncommutative C*- 
algebras. We describe to some extent the space PrimA of an algebra A with 
its natural Jacobson topology. Examples of such spaces turn out to be relevant 
in an approximation scheme to ‘continuum’ topological spaces by means of 
projective systems of lattices with a nontrivial Tq topology [141]. Such lattices 
are truly noncommutative lattices since their algebras of continuous functions 
are noncommutative C'*-algebras of operator valued functions. Techniques 
from noncommutative geometry have been used to construct models of gauge 
theory on these noncommutative lattices [7, 8]. Noncommutative lattices are 
described at length in Chapter 3. 

In Chapter 4 we describe the theory of projective modules and the Serre- 
Swan theorem. Then we develop the notion of Hermitian structure, an al- 
gebraic counterpart of a metric. We also mention other relevant categories 
of (bi)modules such as central and diagonal bimodules. Following this, in 
Section 5 we provide a few fundamentals of AT-theory. As an example, we 
describe at length the AT-theory of the algebra of the Penrose tiling of the 
plane. 

Chapter 6 is devoted to the theory of infinitesimals and the spectral cal- 
culus. We first describe the Dixmier trace which plays a fundamental role in 
the theory of integration. Then the notion of a spectral triple is introduced 
with the associated definition of distance and integral on a ‘noncommutative 
space’. We work out in detail the example of the canonical triple associated 
with any Riemannian spin manifold. Noncommutative forms are then intro- 
duced in Chapter 7. Again, we show in detail how to recover the usual exterior 
calculus of forms. 
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In the first part of Chapter 8, we describe abelian gauge theories in or- 
der to get some feeling for the structures. We then develop the theory of 
connections, compatible connections, and gauge transformations. 

In Chapters 9 and 10 we describe field theories on modules. In particular, 
in Chapter 9 we show how to construct Yang-Mills and fermionic models. 
Gravity models are treated in Chapter 10. In Chapter 11 we describe a simple 
quantum mechanical system on a noncommutative lattice, namely the 9 - 
quantization of a particle on a noncommutative lattice approximating the 
circle. 

We feel we should warn the interested reader that we shall not give any 
detailed account of the construction of the standard model in noncommu- 
tative geometry nor of the use of the latter for model building in particle 
physics. We shall limit ourselves to a very sketchy overview while referring 
to the existing and rather useful literature on the subject. 

The appendices contain material related to the ideas developed in the 
text. 

As alluded to before, the territory of noncommutative and quantum ge- 
ometry is so vast and new regions are discovered at such a high speed that 
the number of relevant papers is overwhelming. It is impossible to even think 
of covering ‘everything’. We just finish this introduction with a partial list 
of references for ‘further reading’. The generalization from classical (differ- 
ential) geometry to noncommutative (differential) geometry is not unique. 
This is a consequence of the existence of several types of noncommutative 
algebras. A direct noncommutative generalization of the algebraic approach 
of Koszul [102] to differential geometry is given by the so-called ‘derivation- 
based calculus’ proposed in [59]. Given a noncommutative algebra A one 
takes as the analogue of vector fields the Lie algebra DerA of derivations of 
A. Besides the fact that, due to noncommutativity, DerA is a module only 
over the center of A, there are several algebras which admit only few deriva- 
tions. However, if we think of A as replacing the algebra of smooth functions 
on a manifold, the derivation based calculus is ‘natural’ in the sense that it 
depends only on A and does not require additional structures (although, in a 
sense, one is fixing ‘a priori’ a smooth structure). We refer to [62, 116] for the 
details and several applications to Yang-Mills models and gravity theories. 
Here we only mention that this approach fits well with quantum mechanics 
[60, 61]: since derivations are infinitesimal algebra automorphisms, they are 
natural candidates for differential evolution equations and noncommutative 
dynamical systems, notably classical and quantum mechanical systems. In 
[30, 49, 134, 42] a calculus, with derivations related to a group action in the 
framework of (7*-dynamical systems, has been used to construct a noncom- 
mutative Yang-Mills theory on noncommutative tori [133]. In [106, 107] (see 
also references therein) a calculus, with derivations for commutative algebras, 
together with extensions of Lie algebras of derivations, has been used to con- 
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struct algebraic gauge theories. Furthermore, algebraic gravity models have 
been constructed by generalizing the notion of Einstein algebras [82] . 

In [155] noncommutative geometry was used to formulate the classical 
field theory of strings (see also [88]). For Hopf algebras and quantum groups 
and their applications to quantum field theory we refer to [58, 80, 91, 97, 115, 
128, 144]. Twisted (or pseudo) groups have been proposed in [157]. For other 
interesting quantum spaces such as the quantum plane we refer to [117] and 
[154]. Very interesting work on the structure of space-time has been done in 
[57, 63] . We also mention the work on infrared and ultraviolet regularizations 
in [101]. 

The reference for Connes’ noncommutative geometry is ‘par excellence’ 
his book [34]. The paper [152] which has been very helpful has meanwhile 
evolved in the (very useful) book [85]. Recent reviews of the state of the art 
of several lines of research in noncommutative geometry are in [40, 41]. 




2 Noncommutative Spaces 
and Algebras of Functions 



The starting idea of noncommutative geometry is the shift from spaces to 
algebras of functions defined on them. In general, one has only the algebra 
and there is no analogue of space whatsoever. In this Chapter we shall give 
some general facts about algebras of (continuous) functions on (topological) 
spaces. In particular we shall try to make some sense of the notion of a 
‘noncommutative space’. 



2.1 Algebras 

Here we present mainly the objects that we shall need later on while referring 
to [20, 55, 127] for details. In the sequel, any algebra A will be an algebra 
over the field of complex numbers C. This means that A is a vector space 
over C so that objects like aa + [3b with a,b & A and a, /3 G C, make sense. 
Also, there is a product A x A ^ A, A x A B {a,b) ab G A, which is 
distributive over addition, 

a(6 + c) = ab + ac , (a + b)c = ac+bc , a, b,c G A . (2.1) 

In general, the product is not commutative so that 

ab ^ ba . (2-2) 

We shall assume that A has a unit, namely an element I such that 

al = la , y a G A . (2.3) 

On occasion we shall comment on the situations for which this is not the 
case. An algebra with a unit will also be called a unital algebra. 

The algebra A is called a * -algebra if it admits an (antilinear) involution 
* : A^ A with the properties, 

a** = a , 

(ab)* = b*a* , 

{aa + [3b)* = aa* + [3b* , (2-4) 

G. Landi: LNPm 51, pp. 7—20, 2002. 
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for any a,b G A and a,P G C and bar denotes usual complex conjugation. 

A normed algebra A is an algebra with a norm 1 1 • 1 1 : A — > M which has the 
properties, 



||a|| > 0 ) l|o|| = 0 ^ a = 0, 

||aa|| = |q;| ||a||, 

\\a + b\\<\\a\\ + \\b\\, 

||a6||<||a|| ll&ll, (2.5) 

for any a, 6 G A and a G C. The third condition is called the triangle inequal- 
ity while the last one is called the product inequality. The topology defined 
by the norm is called the norm or uniform topology. The corresponding neigh- 
borhoods of any a G A are given by 

C/(a,£) = {6 G A I ||a — &II < e} , e > 0 . (2.6) 

A Banach algebra is a normed algebra which is complete in the uniform 
topology. 

A Banach * -algebra is a normed *-algebra which is complete and such that 

||a*|| = ||a||, VoGA. (2.7) 

A C* -algebra A is a Banach * -algebra whose norm satisfies the additional 
identity 

||a*a|| = ||a||^, ^ a G A . (2.8) 

In fact, this property, together with the product inequality yields (2.7) au- 
tomatically. Indeed, ||a||^ = ||a*o|| < ||a*|| ||a|| from which ||a|| < ||a*||. By 
interchanging a with a* one gets ||a*|| < ||a|| and in turn (2.7). 

Example 1. The commutative algebra C{M) of continuous functions on a 
compact Hausdorff topological space M , with * denoting complex conjugation 
and the norm given by the supremum norm, 

ll/lloo = sup |/(x)| , (2.9) 

xGM 

is an example of commutative C* -algebra. If M is not compact but only locally 
compact, then one should take the algebra Cq{M) of continuous functions 
vanishing at infinity; this algebra has no unit. Clearly C{M) = Cq{M) if M is 
compact. One can prove that Co{M) (and a fortiori C{M) if M is compact) 
is complete in the supremum norm.^ 

^ We recall that a function / : M — >■ C on a locally compact Hausdorff space is said 
to vanish at infinity if for every e > 0 there exists a compact set K G M such 
that \f{x)\ < £ for all x ^ K. As mentioned in App. A.l, the algebra Co(M) is the 
closure in the norm (2.9) of the algebra of functions with compact support. The 
function / is said to have compact support if the space K f =: {x G M \ fix) 0} 
is compact [136]. 
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Example 2. The noncommutative algebra B{TL) of bounded linear operators 
on an infinite dimensional Hilbert space TL with involution * given by the 
adjoint and the norm given by the operator norm, 

\\B\\ = sup{||Bx|| : X G "H, llxll < 1} , (2.10) 

gives a noncommutative C* -algebra. 



Example 3. As a particular case of the previous, consider the noncommuta- 
tive algebra M„(C) of n x n matrices T with complex entries, with T* given 
by the Hermitian conjugate ofT. The norm (2.10) can also be equivalently 
written as 

||T|| = the positive square root of the largest eigenvalue of T*T . (2.11) 

On the algebra M„(C) one could also define a different norm, 

\\T\\' = sup{T,,} , T={Tij). (2.12) 

One can easily realize that this norm is not a C*-norm, the property (2.8) 
not being fulfilled. It is worth noticing though, that the two norms (2.11) and 
(2.12) are equivalent as Banach norms in the sense that they define the same 
topology on M„(C).‘ any ball in the topology of the norm (2.11) is contained 
in a ball in the topology of the norm (2.12) and viceversa. 



A (proper, norm closed) subspace T of the algebra A is a left ideal (re- 
spectively a right ideal) if a € A and b € I imply that ab € T (respectively 
ba € T). A two-sided ideal is a subspace which is both a left and a right ideal. 
The ideal I (left, right or two-sided) is called maximal if there exists no other 
ideal of the same kind in which I is contained. Each ideal is automatically 
an algebra. If the algebra A has an involution, any *-ideal (namely an ideal 
which contains the * of any of its elements) is automatically two-sided. If A 
is a Banach *-algebra and I is a two-sided *-ideal which is also closed (in the 
norm topology), then the quotient A(T can be made into a Banach *-algebra. 
Furthermore, if A is a C*-algebra, then the quotient AjT is also a C*-algebra. 
The C'*-algebra A is called simple if it has no nontrivial two-sided ideals. A 
two-sided ideal I in the C'*-algebra A is called essential in A if any other 
non-zero ideal in A has a non-zero intersection with it. 

If A is any algebra, the resolvent set r(a) of an element a € A is the 
subset of complex numbers given by 

r(a) = {A G C I a — AI is invertible} . (2-13) 

For any A G r(a), the inverse (a — AI)“^ is called the resolvent of a at A. 
The complement of r{a) in C is called the spectrum a{a) of a. While for a 
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general algebra, the spectra of its elements may be rather complicated, for 
C^-algebras they are quite nice. If ^ is a C*-algebra, it turns out that the 
spectrum of any of its element a is a nonempty compact subset of C. The 
spectral radius p{a) of a G ^ is given by 

p{a) = smp{|A| , A G cr(a)} (2-14) 

and, A being a C*-algebra, it turns out that 

||a||^ = p{a* a) =: sup{|A| | a* a — A not invertible } , V a G Al . (2.15) 

A C*-algebra is really such for a unique norm given by the spectral radius as 
in (2.15): the norm is uniquely determined by the algebraic structure. 

An element a G A is called self-adjoint if a = a*. The spectrum of any 
such element is real and a{a) C [ — ||a||, ||a|| ], cr(a^) C [0, ||a||^]. An element 
a G A is called positive if it is self-adjoint and its spectrum is a subset of the 
positive half-line. It turns out that the element a is positive if and only if 
a = b*b for some 6 G A. If a yf 0 is positive, one also writes a > 0. 

A * -morphism between two C'*-algebras A and B is any C-linear map 
TT : A ^ B which in addition is a homomorphism of algebras, namely, it 
satisfies the multiplicative condition, 

7r(a6) = 7r(a)7r(6) , ^ a,b & A . (2.16) 

and is *-preserving, 

7T(a*) = 7r(a)* , V a G A . (2.17) 

These conditions automatically imply that tt is positive, 7r(a) > 0 if a > 0. 
Indeed, if a > 0, then a = b*b for some 6 G A; as a consequence, 7r(a) = 
n{b*b) = TT{b)*Tr{b) > 0. It also turns out that tt is automatically continuous, 
norm decreasing, 

lk(a)|lB < Iklk > V a G A , (2.18) 

and the image 7 t(A) is a C*-subalgebra of B. A *-morphism tt which is also 
bijective as a map, is called a * -isomorphism (the inverse map 7 t“^ is auto- 
matically a *-morphism). 

A representation of a C*-algebra A is a pair (jH,Tr) where H is a, Hilbert 
space and tt is a *-morphism 



tt:A — >B{n), (2.19) 

with B{'H) the C*-algebra of bounded operators on H. 

The representation is called faithful if fcer(7r) = {0}, so that tt is a 

*-isomorphism between A and 7 t(A). One can prove that a representation is 
faithful if and only if ||7r(a)|| = ||a|| for any a G A or 7r(a) > 0 for all a > 0. 
The representation (Hjir) is called irreducible if the only closed subspaces 
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of % which are invariant under the action of tt{A) are the trivial subspaces 
{0} and "H. One proves that a representation is irreducible if and only if the 
commutant 'k{A)' of 7 t(^), i.e. the set of of elements in B{T-C) which commute 
with each element in Tr(^), consists of multiples of the identity operator. 
Two representations ("HijTTi) and (7^2, 7t2) are said to be equivalent (or more 
precisely, unitary equivalent) if there exists a unitary operator U : Hi — i H 2 , 
such that 

TTi{a) = U*TT2{a)U , WaGA. ( 2 . 20 ) 

In App. A. 2 we describe the notion of states of a C*-algebra and the represen- 
tations associated with them via the Gel’fand-Naimark-Segal construction. 

A subspace I of the C'*-algebra A is called a primitive ideal if it is the ker- 
nel of an irreducible representation, namely I = kerijr) for some irreducible 
representation (H,tt) of A. Notice that I is automatically a two-sided ideal 
which is also closed. If A has a faithful irreducible representation on some 
Hilbert space so that the set {0} is a primitive ideal, it is called a primitive 
C* -algebra. The set PrimA of all primitive ideals of the C*-algebra A will 
play a crucial role in following Chapters. 



2.2 Commutative Spaces 

The content of the commutative Gel’fand-Naimark theorem is precisely the 
fact that given any commutative G*-algebra C, one can reconstruct a Haus- 
dorff^ topological space M such that C is isometrically *-isomorphic to the 
algebra of (complex valued) continuous functions C{M) [55, 76]. 

In this Section C denotes a fixed commutative C'*-algebra with unit. Given 
such a C, we let C denote the structure space of C, namely the space of equiv- 
alence classes of irreducible representations of C. The trivial representation, 
given by C — >■ {0}, is not included in C. The C*-algebra C being commuta- 
tive, every irreducible representation is one-dimensional. It is then a (non- 
zero) *-linear functional (f> : C ^ C which is multiplicative, i.e. it satisfies 
(j){ab) = 4>{a)4>{b) for any a,b ^ C. It follows that ())(I) = 1, V (j) € C. Any such 
multiplicative functional is also called a character of C. Then, the space C is 
also the space of all characters of C. 

The space C is made into a topological space, called the Gel’fand space 
of C, by endowing it with the Gel’fand topology, namely the topology of 
pointwise convergence on C. A sequence {^a}ag/ 1 (^ is any directed set) of 
elements of C converges to </> G C if and only if for any c G C, the sequence 
{(j)\{c)}\^A converges to (p{c) in the topology of C. The algebra C having 
a unit implies C is a compact Hausdorff space. The space C is only locally 
compact if C is without a unit. 

^ We recall that a topological space is called Hausdorff if for any two points of 
the space there are two open disjoint neighborhoods each containing one of the 
points [71]. 
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Equivalently, C could be taken to be the space of maximal ideals (auto- 
matically two-sided) of C instead of the space of irreducible representations.^ 
Since the C'*-algebra C is commutative these two constructions agree be- 
cause, on one side, kernels of (one-dimensional) irreducible representations 
are maximal ideals, and, on the other side, any maximal ideal is the kernel 
of an irreducible representation [76]. Indeed, consider <p £ C. Then, since 
C = Ker{(f>) © C, the ideal Ker{4>) is of codimension one and so it is a max- 
imal ideal of C. Conversely, suppose that X is a maximal ideal of C. Then, 
the natural representation of C onClX is irreducible, hence one-dimensional. 
It follows that CjX = so that the quotient homomorphism C ^ CjX can 
be identified with an element <j) & C. Clearly, X = Ker{(j)). When thought of 
as a space of maximal ideals, C is given the Jacobson topology (or hull kernel 
topology) producing a space which is homeomorphic to the one constructed 
by means of the Gel’fand topology. We shall describe the Jacobson topology 
in detail later . 

Example 4. Let us suppose that the algebra C is generated by N commuting 
self-adjoint elements xi , . . . ,xn- Then the structure space C can be identified 
with a compact subset o/R^ by the map [35], 

(j&C ^ (<^(xi), . . . , c[{xn)) € , (2.21) 

and the range of this map is the joint spectrum of x\, . . . ,xn , namely the set 
of all N -tuples of eigenvalues corresponding to common eigenvectors. 

In general, if c G C, its Gel’fand transform c is the complex- valued function 
on C, c : C — >■ C, given by 

c{<j)) = (f{c) , y (j)GC . (2.22) 

It is clear that c is continuous for each c. We thus get the interpretation of 
elements in C as C- valued continuous functions on C. The Gel’fand-Naimark 
theorem states that all continuous functions on C are of the form (2.22) for 
some c G C [55, 76]. 

Proposition 1. Let C be a commutative C* -algebra. Then, the Gel’fand 
transform c ^ c is an isometric ^-isomorphism of C onto C{C); isometric 
meaning that 

||c||^ = ||c|| , VcGC, (2.23) 

II ■ Iloo supremum norm on C{C) as in (2.9). 

® If there is no unit, one needs to consider ideals which are regular (also called 
modular) as well. An ideal X of a general algebra A being called regular if there 
is a unit in A modulo X, namely an element u G A such that a — au and a — ua are 
in X for all a G Gl [76]. If A has a unit, then any ideal is automatically regular. 
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Suppose now that M is a (locally) compact topological space. As we have 
seen in Example 1 of Sect. 2.1, we have a natural C*-algebra C{M). It is 
natural to ask what is the relationship between the Gel’fand space C{M) and 
M itself. It turns out that these two spaces can be identified both setwise 
and topologically. First of all, each m £ M gives a complex homomorphism 
4>m G C{M) through the evaluation map, 

4>m : C(M) ^ C , = f(m) . (2.24) 

Let Im denote the kernel of (pm, that is the maximal ideal of C{M) consisting 
of all functions vanishing at m. We have the following [55, 76], 

Proposition 2. The map p of (2.24) « homeomorphism of M onto C{M). 

Equivalently, every maximal ideal ofC{M) is of the form Im for some m G M . 

The previous two theorems set up a one-to-one correspondence between the 
*-isomorphism classes of commutative C*-algebras and the homeomorphism 
classes of locally compact Hausdorff spaces. Commutative C'*-algebras with 
unit correspond to compact Hausdorff spaces. In fact, this correspondence is a 
complete duality between the category of (locally) compact Hausdorff spaces 
and (proper^ and) continuous maps and the category of commutative (not 
necessarily) unital (7*-algebras and *-homomorphisms. Any commutative C*- 
algebra can be realized as the C*-algebra of complex valued functions over a 
(locally) compact Hausdorff space. Finally, we mention that the space M is 
metrizable, its topology comes from a metric, if and only if the C*-algebra 
is norm separable, meaning that it admits a dense (in the norm) countable 
subset. Also it is connected if the corresponding algebra has no projectors, 
i.e. self-adjoint, p* = p, idempotents, = p; this is a consequence of the fact 
that projectors in a commutative C*-algebra C correspond to open-closed 
subsets in its structure space C [33] . 



2.3 Noncommutative Spaces 



The scheme described in the previous Section cannot be directly generalized 
to a noncommutative C*-algebra. To show some of the features of the general 
case, let us consider the simple example (taken from [35]) of the algebra 



M2(C) 



{ 



On oi2 
021 022 



Oij G C} . 



(2.25) 



The commutative subalgebra of diagonal matrices 

^ We recall that a continuous map between two locally compact Hausdorff spaces 
/ : A — >■ y is called proper if f~^{K) is a compact subset of X when A is a 
compact subset of Y . 




14 



2 Noncommutative Spaces and Algebras of Functions 



C = {qI ,A,mGC}, (2.26) 

has a structure space consisting of two points given by the characters 

*([o “]> = ■'■ = 

These two characters extend as pure states (see App. A. 2) to the full algebra 
M 2 (C) as follows, 

:M2(C) , i= 1,2 , 

T / 0.11 oi2 , T / an o\2 , /„ r,o\ 

(?ii( ) = aii , (j)2{ ) = 022 ■ (2.28) 

^21 022 J \_O 2 i O 22 

But now, noncommutativity implies the equivalence of the irreducible repre- 
sentations of M 2 (C) associated, via the Gel’fand-Naimark-Segal construction, 
with the pure states 4>i and (j) 2 - In fact, up to equivalence, the algebra M 2 (C) 
has only one irreducible representation, i.e. the defining two dimensional one.^ 
We show this in App. A. 2. 

For a noncommutative C'*-algebra, there is more than one candidate for 
the analogue of the topological space M. We shall consider the following ones: 

1. The structure space of A or space of all unitary equivalence classes of 
irreducible *-representations. Such a space is denoted by A. 

2. The primitive spectrum of A or the space of kernels of irreducible *- 
representations. Such a space is denoted by PrimA. Any element of 
PrimA is automatically a two-sided *-ideal of A. 

While for a commutative C'*-algebra these two spaces agree, this is no longer 
true for a general C'*-algebra A, not even setwise. For instance, A may be very 
complicated while PrimA consists of a single point. One can define natural 
topologies on A and PrimA. We shall describe them in the next Section. 

2.3.1 The Jacobson (or Hull-Kernel) Topology 

The topology on PrimA is given by means of a closure operation. Given 
any subset W of PrimA, the closure IF of IF is by definition the set of all 
elements in PrimA containing the intersection p| IF of the elements of W, 
namely 

W=:{le PrimA : f] IF C 1} . (2.29) 

For any C'*-algebra A we have the following, 

® As we mention in App. A. 4, M 2 (C) is strongly Morita equivalent to C. In that 
Appendix we shall also see that two strongly Morita equivalent G*-algebras have 
the same space of classes of irreducible representations. 
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Proposition 3. The closure operation (2.29) satisfies the Kuratowski axioms 
0 = 0^ 

K 2 WCW, V ty G PrimA ; 

K 3 W = W , V ly G PrimA ; 

K 4 WiUW 2 = WiUW 2 , \f Wi,W 2 G PrimA . 

Proof. Property Ki is immediate since p|0 ‘does not exist’. By construction, 
also K 2 is immediate. Furthermore, f]W = f]W from which W = W, namely 
K 3 . To prove K 4 , first observe that 

vcw =» (n^)^(n^) ^ vcw. (2.30) 

From this it follows that Wi C Wi IJ IV 2 , i = 1,2 and in turn 

VFi U W 2 C W 1 UW 2 . (2.31) 

To obtain the opposite inclusion, consider a primitive ideal T not belonging 
to \V 1 \JW 2 . This means that fi\W\ (fi T and f]W 2 T. Thus, if tt is a 
representation of A with X = Ker{'K), there are elements a G P| Wi and b G 
Pi IV 2 such that 7r(a) yf 0 and 7 r(b) is any vector in the representation 

space such that 7r(a)( 0 then, tt being irreducible, 7r(a)^ is a cyclic 

vector for tt (see App. A. 2). This, together with the fact that Tr{b) yf 0, 
ensures that there is an element c € A such that 7r(&)(7r(c)7r(a))^ yf 0 which 
implies that bca yf Ker^ir) = X. But bca G (P W\) fl (|p W 2 ) = P(bFi U 1F2)- 
Therefore P(lFi U IV 2 ) X\ whence X ^ Wi U IV 2 . What we have proven is 
that X ^ W lOW 2 ^ X ^ W lOW 2 , which gives the inclusion opposite to 
(2.31). So K 4 follows. 

It also follows that the closure operation (2.29) defines a topology on PrimA, 
(see App. A.l) which is called Jacobson topology or hull-kernel topology. The 
reason for the second name is that P IF is also called the kernel of W and 
then W is the hull of P IF [76, 55]. 

To illustrate this topology, we shall give a simple example. Consider the 
algebra C{I) of complex- valued continuous functions on an interval /. As we 
have seen, its structure space C{I) can be identified with the interval /. For 
any a,b £ I, let W be the subset of C{I) given by 

1F = {I, , xG ]a,6[ } , (2.32) 

where is the maximal ideal of C(/) consisting of all functions vanishing at 
the point x, 

!. = {/€ C(J) I fix) = 0} . (2.33) 

The ideal X^ is the kernel of the evaluation homomorphism as in (2.24). Then 

f|lF= fl J, = {/gC(/) |/(x) = 0, VxG ]a,6[ }, (2.34) 

x^]a,b[ 
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and, the functions being continuous, 

W = {X a C\ P\W Cl} 

= W [j {Ia,Xb} 

= {X,, x&[a,h]} , (2.35) 

which can be identified with the closure of the interval ]a, 6[. 

In general, the space PrimA has a few properties which are easy to prove. 
So we simply state them here as propositions [55] . 

Proposition 4. Let W he a subset of PrimA. Then W is closed if and only 
ifW is exactly the set of primitive ideals containing some subset of A. 

Proof. If W is closed then W = W and by the very definition (2.29), W is the 
set of primitive ideals containing p| W. Conversely, let V C If FF is the set 
of primitive ideals of A containing V, then V C f}W from which W C W, 
and, in turn, W = W. 



Proposition 5. There is a bijective correspondence between closed subsets W 
of PrimA and (norm-closed two sided) ideals Jw of A. The correspondence 
is given by 

W = {Xg PrimA \ Jw QI] ■ (2.36) 

Proof. If W is closed then W = W and by the definition (2.29), Jw is just 
the ideal fj W. Conversely, from the previous proposition, W defined as in 
(2.36) is closed. 



Proposition 6. Let W he a subset of PrimA. Then W is closed if and only 
ifXeW andXCJ ^ J qW. 

Proof. If W is closed then W = W and by the definition (2.29), X G W and 
X C J implies that J G W. The converse implication is also evident by the 
previous Proposition. 



Proposition 7. The space PrimA is a TQ-space.^ 

Proof. Suppose Xi and I 2 are two distinct points of PrimA so that, say, 
X\ (fXi. Then the set W of those X G PrimA which contain Xi is a closed 
subset (by 4), such that Xi GW and X 2 . The complement W‘^ of W is 
an open set containing X 2 and not Xi . 

® We recall that a topological space is called To if for any two distinct points of the 
space there is an open neighborhood of one of the points which does not contain 
the other [71]. 
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Proposition 8. Let I G PrimA. Then the point {1} is closed in PrimA if 
and only if I is maximal among primitive ideals. 

Proof. Indeed, the closure of {X} is just the set of primitive ideals of A 
containing I. 

In general, PrimA is not a Ti-space^ and will be so if and only if all 
primitive ideals in A are also maximal. The notion of primitive ideal is more 
general than the one of maximal ideal. For a commutative C'*-algebra an 
ideal is primitive if and only if it is maximal. For a general A (with unit), 
while a maximal ideal is primitive, the converse need not be true [55] . 

Let us now consider the structure space A. Now, there is a canonical 
surjection 

A — > PrimA , tt i— l ker{Tr) . (2.37) 

The inverse image under this map, of the Jacobson topology on PrimA is a 
topology for A. In this topology, a subset S' C .4 is open if and only if it is 
of the form {tt & A \ ker{Tr) G W} for some subset W C PrimA which is 
open in the (Jacobson) topology of PrimA. The resulting topological space 
is still called the structure space. There is another natural topology on the 
space A called the regional topology. For a C'*-algebra A, the regional and 
the pullback of the Jacobson topology on A coincide, [76, page 563]. 

Proposition 9. Let A he a C* -algebra. The following conditions are equiva- 
lent 

(i) A is a Tq space; 

(ii) Two irreducible representations of A with the same kernel are equivalent; 
(Hi) The canonical map A — >■ PrimA is a homeomorphism. 

Proof. By construction, a subset S G A will be closed if and only if it is of the 
form {tt G A '. ker{Tr) GW} for some W closed in PrimA. As a consequence, 
given any two (classes of) representations tti,tt 2 G A, the representation tti 
will be in the closure of tt2 if and only if ker(rTi) is in the closure of ker(rT 2 ), 
or, by Prop. 4 if and only if ker(rT2) C ker(rTi). In turn, tt\ and tt 2 agree in 
the closure of the other if and only if ker(TT2) = ker(rTi). Therefore, tt\ and 
tt2 will not be distinguished by the topology of A if and only if they have the 
same kernel. On the other side, if A is Tq one is able to distinguish points. It 
follows that (f) implies that two representations with the same kernel must 
be equivalent so as to correspond to the same point of A, namely {ii). The 
other implications are obvious. 

^ We recall that a topological space is called Ti if any point of the space is closed 
[71]. 
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We recall that a (not necessarily Hausdorff) topological space S is called 
locally compact if any point of S has at least one compact neighborhood. 
A compact space is automatically locally compact. If S' is a locally compact 
space which is also Hausdorff, then the family of closed compact neighbor- 
hoods of any point is a base for its neighborhood system. With respect to 
compactness, the structure space of a noncommutative C*-algebra behaves 
as in the commutative situation [76, page 576]; we have 



Proposition 10. If A is a C* -algebra, then A is locally compact. Likewise, 
PrimA is locally compact. If A has a unit, then both A and PrimA are 
compact. 

Notice that in general, A being compact does not imply that A has a unit. For 
instance, the algebra K,{%) of compact operators on an infinite dimensional 
Hilbert space % has no unit but its structure space has only one point (see 
the next Section). 



2.4 Compact Operators 

We recall [135] that an operator on the Hilbert space % is said to be of finite 
rank if the orthogonal complement of its null space is finite dimensional. 
Essentially, we may think of such an operator as a finite dimensional matrix 
even if the Hilbert space is infinite dimensional. 

Definition 1. An operator T onP is said to be compact if it can be approx- 
imated in norm by finite rank operators. 

An equivalent way to characterize a compact operator T is by stating that 

V e > 0 , 3 a finite dimensional subspace E cP \ ||F|£;j_|| < e . (2.38) 

Here the orthogonal subspace E-^ is of finite codimension in P. The set IC{P) 
of all compact operators T on the Hilbert space P is the largest two-sided 
ideal in the (IT^-algebra B{P) of all bounded operators. In fact, it is the only 
norm closed and two-sided ideal when P is separable; and it is essential [76]. 
It is also a C*-algebra without a unit, since the operator I on an infinite 
dimensional Hilbert space is not compact. The defining representation of 
K.{P) by itself is irreducible [76] and it is the only irreducible representation 
of K.{P) up to equivalence.® 

There is a special class of C*-algebras which have been used in a scheme of 
approximation by means of topological lattices [7, 8, 12]; they are postliminal 

® If 7^ is finite dimensional, P = C" say, then B{C^) — /C(C") = M„(C), the 
algebra of n x n matrices with complex entries. Such an algebra has only one 
irreducible representation (as an algebra), namely the defining one. 
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algebras. For these algebras, a relevant role is again played by the compact 
operators. Before we give the appropriate definitions, we state another result 
which shows the relevance of compact operators in the analysis of irreducibil- 
ity of representations of a general C'*-algebra and which is a consequence of 
the fact that K.{%) is the largest two-sided ideal in B{'H) [124]. 

Proposition 11. Let A he a C* -algebra acting irreducihly on a Hilbert space 
H and having non-zero intersection with /C('H). Then K.{TL) C A. 



Definition 2. A C* -algebra A is said to he liminal if for every irreducible 
representation {TL,tt) of A one has that 7t(.4) = K.{TL) (or equivalently, from 
Prop. 11, tt{A) C K.{T-L)). 

So, the algebra A is liminal if it is mapped to the algebra of compact operators 
under any irreducible representation. Furthermore, if ^ is a liminal algebra, 
then one can prove that each primitive ideal of A is automatically a maximal 
closed two-sided ideal of A. As a consequence, all points of PrimA are closed 
and PrimA is a Ti space. In particular, every commutative (7*-algebra is 
liminal [124, 55]. 

Definition 3. A C* -algebra A is said to he postliminal if for every irreducible 
representation {TL,tt) of A one has that IC((H) C 7t(.4) (or equivalently, from 
Prop. 11, tt{A) n/C('H) Oj. 

Every liminal C*-algebra is postliminal but the converse is not true. Postlim- 
inal algebras have the remarkable property that their irreducible represen- 
tations are completely characterized by the kernels: if and {TL 2 ,t^ 2 ) 

are two irreducible representations with the same kernel, then tti and 7T2 
are equivalent [124, 55]. From Prop. (9), the spaces A and PrimA are then 
homeomorphic . 



2.5 Real Algebras and Jordan Algebras 

From what we have said up to now, it should be clear that a (complex) 
(7*-algebra replaces the algebra of complex valued continuous functions on 
a topological space. It is natural then, to look for suitable replacements of 
the algebra of real valued functions. Well, it has been suggested (see for 
instance [61]) that rather than an associative real algebra, in the spirit of 
quantum mechanics, one should consider the Jordan algebra of self- 
adjoint elements of a complex C'*-algebra A, 

=: {aG A \ a* = a} . (2.39) 



Now, has a natural product 
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a o b =: ^{ab + ba) , 'ia,b&A^'^, (2.40) 

which is commutative but non associative, as can be easily checked. Instead, 
commutativity gives a weak form of associativity which goes under the name 
of the Jordan algebra identity, 

o [aob) = ao ob) , \/ a, b G .4®“ . (2-41) 

The product (2.40) is the only one which preserves 

We refer to [149] for an introduction to Jordan algebras. 




3 Projective Systems 
of Noncommutative Lattices 



The idea of a ‘discrete substratum’ underpinning the ‘continuum’ is somewhat 
spread among physicists. With particular emphasis this idea has been pushed 
by R. Sorkin who, in [141], assumes that the substratum be a finitary (see 
later) topological space which maintains some of the topological information 
of the continuum. It turns out that the finitary topology can be equivalently 
described in terms of a partial order. This partial order has been alternatively 
interpreted as determining the causal structure in the approach to quantum 
gravity of [15]. Recently, finitary topological spaces have been interpreted 
as noncommutative lattices and noncommutative geometry has been used to 
construct quantum mechanical and field theoretical models, notably lattice 
field theory models, on them [7, 8]. 

Given a suitable covering of a topological space M, by identifying any two 
points of M which cannot be ‘distinguished’ by the sets in the covering, one 
constructs a lattice with a finite (or in general a countable) number of points. 
Such a lattice, with the quotient topology, becomes a Tg-space which turns 
out to be the structure space (or equivalently, the space of primitive ideals) of 
a postliminar approximately finite dimensional (AF) algebra. Therefore the 
lattice is truly a noncommutative space. In this Chapter we shall describe 
noncommutative lattices in some detail while in Chap. 11 we shall illustrate 
some of their applications in physics. 



3.1 The Topological Approximation 

The approximation scheme we are going to describe has really a deep physical 
flavour. To get a taste of the general situation, let us consider the following 
simple example. Let us suppose we are about to measure the position of a par- 
ticle which moves on a circle, of radius one say, = {0 < (/? < 2tt, mod 2tt}. 
Our ‘detectors ’ will be taken to be (possibly overlapping) open subsets of 
with some mechanism which switches on the detector when the particle is in 
the corresponding open set. The number of detectors must be clearly limited 
and we take them to consist of the following three open subsets whose union 
covers 5”^, 
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Ul = {-\tI < ip < |7t}, 

U 2 = {|7T <if < Itt}, (3.1) 

U 3 = {tt < P < 27t}. 

Now, if two detectors, Ui and U 2 say, are on, we will know that the particle is 
in the intersection C/i fi 1/2 although we will be unable to distinguish any two 
points in this intersection. The same will be true for the other two intersec- 
tions. Furthermore, if only one detector, Ui say, is on, we can infer the pres- 
ence of the particle in the closed subset of given by Ui\{Uir\U 2 U UidUs} 
but again we will be unable to distinguish any two points in this closed set. 
The same will be true for the other two closed sets of similar type. Summing 
up, if we have only the three detectors (3.1), we are forced to identify the 
points which cannot be distinguished and will be represented by a col- 
lection of six points P = {a, /?, 7, a, &, c} which correspond to the following 
identifications 

[7i n 1/3 = {|7 T < < 27t} — >• a, 

Ul r\U2 = {^TT < p < §7r} — >• 13, 

t/2 n 1/3 = {tt < (/? < Itt} 7, 

(3.2) 

t/i\{t/in[/2UC^inC/3} = {0 <(^< Itt} ^a, 

1/2 \ {t/2 n [ 7 i (Jc/2 n C/3} = {|7T < V? < 7 t} b, 

Us \ {c/3 n c/2 U n c/ij = {|^ < ¥> < |7r| ^ c. 

We can push things a bit further and keep track of the kind of set from which 
a point in P comes by declaring the point to be open (respectively closed) 
if the subset of from which it comes is open (respectively closed). This 
is equivalently achieved by endowing the space P with a topology a basis of 
which is given by the following open (by definition) sets, 

{a}, {/?}, {7}. .0 O', 

{a,a,P}, {//,&, 7}, {a,c,7| . 

The corresponding topology on the quotient space P is nothing but the quo- 
tient topology of the one on generated by the three open sets C/i, C/2, C/3, 
by the quotient map (3.2). 

In general, let us suppose that we have a topological space M together 
with an open covering U = {U\} which is also a topology for M, so that U 
is closed under arbitrary unions and finite intersections (see App. A.l). We 
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define an equivalence relation among points of M by declaring that any two 
points x,y G M are equivalent if every open set U\ containing either x or y 
contains the other too, 

X ^ y if and only if x G U\ y G U\ , V U\GU . (3.4) 

Thus, two points of M are identified if they cannot be distinguished by any 
‘detector’ in the collection U. 

The space Pu{M) =: M/~ of equivalence classes is then given the quotient 
topology. If 7T : M — >• Pu{M) is the natural projection, a set C/ C Pu{M) 
is declared to be open if and only if 7r“^([/) is open in the topology of M 
given by U. The quotient topology is the finest one making tt continuous. 
When M is compact, the covering U can be taken to be finite so that Pu{M) 
will consist of a finite number of points. If M is only locally compact the 
covering can be taken to be locally finite and each point has a neighborhood 
intersected by only finitely many U\’ s. Then the space Py{M) will consist 
of a countable number of points; in the terminology of [141] Pu{M) would be 
a finitary approximation of M. If Pu{M) has N points we shall also denote 
it by Pn{M)} For example, the finite space given by (3.2) is Pq{S^). 

In general, Pu{M) is not Hausdorff: from (3.3) it is evident that in Pq{S^), 
for instance, we cannot isolate the point a from a by using open sets. It is 
not even a Ti-space; again, in Pq(S^) only the points a, b and c are closed 
while the points a, (3 and 7 are open. In general there will be points which 
are neither closed nor open. It can be shown, however, that Pu{M) is always 
a To-space, being, indeed, the Tp-quotient of M with respect to the topology 
U [141]. 

3.2 Order and Topology 

What we shall show next is how the topology of any finitary Tq topological 
space P can be given equivalently by means of a partial order which makes P 
a partially ordered set (or poset for short) [141]. Consider first the case when 
P is finite. Then, the collection r of open sets (the topology on P) will be 
closed under arbitrary unions and arbitrary intersections. As a consequence, 
for any point x G P, the intersection of all open sets containing it, 

A{x) =: P|{Cf G T \ X GU} , (3.5) 

will be the smallest open neighborhood containing the point. A relation ^ is 
then defined on P by 

X <y ^ A{x) C A{y) , M x,y G P . (3.6) 

^ In fact, this notation is incomplete since it does not keep track of the finite topol- 
ogy given on the set of N points. However, at least for the examples considered 
in these notes, the topology will always be given explicitly. 
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Now, X € A(x) always, so that the previous definition is equivalent to 

x^y 44 > X € A{y) , (3.7) 

which can also be stated as saying that 

X ^ y ^ every open set containing y also contains x , (3-8) 



or, in turn, that 

x^y <t4> y G {x} , 

with {x} the closure of the one point set {x}A 

From (3.6) it is clear that the relation ^ is reflexive and transitive. 



(3.9) 



. . . \ . A.KJ I 

x<y,y<z^x<z. 

Furthermore, since P is a Tp-space, for any two distinct points x,y G P, there 
is at least one open set containing x, say, and not y. This, together with (3.8), 
implies that the relation ^ is symmetric as well, 

X ^ y , y < X => X = y . (3.11) 

Summing up, we see that a Tq topology on a finite space P determines a 
reflexive, antisymmetric and transitive relation, namely a partial order on P 
which makes the latter a partially ordered set (poset). Conversely, given a 
partial order ^ on the set P, one produces a topology on P by taking as a 
basis for it the finite collection of ‘open’ sets defined by 

A{x) ='■ {y G P \ y ^ x} , V x G P . (3.12) 

Thus, a subset IF C P will be open if and only if it is the union of sets of 
the form (3.12), that is, if and only if a: G IF and y ^ x y G W. Indeed, 
the smallest open set containing IF is given by 

.I(IF) = U A{x) , (3.13) 

x£W 

and IF is open if and only if IF = yl(lF). 

The resulting topological space is clearly Tq by the antisymmetry of the order 
relation. 

It is easy to express the closure operation in terms of the partial order. 
From (3.9), the closure V{x) = {x}, of the one point set {x} is given by 

V (x) =: {y G P \ X ^ y} , V x G P . (3.14) 



Another equivalent definition can be given by saying that a; ^ y if and only if 
the constant sequence {x, x,x,- ■ ■) converges to y. It is worth noticing that in a 
To-space the limit of a sequence need not be unique so that the constant sequence 
{x, x,x,- ■ •) may converge to more than one point. 
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A subset W C P will be closed if and only \i x &W and x < y y G W. 
Indeed, the closure of W is given by 

V{W) = U V{x) , (3.15) 

xGW 

and W is closed if and only if W = V (W). 

If one relaxes the condition of finiteness of the space P, there is still 
an equivalence between topology and partial order for any Tq topological 
space which has the additional property that every intersection of open sets 
is an open set (or equivalently, that every union of closed sets is a closed 
set), so that the sets (3.5) are all open and provide a basis for the topology 
[4, 22] . This would be the case if P were a finitary approximation of a (locally 
compact) topological space M, obtained then from a locally finite covering 
of M.3 

Given two posets P, Q, it is clear that a map f : P ^ Q will be contin- 
uous if and only if it is order preserving, i.e., if and only if from x :<p y it 
follows that f{x) :<Q f{y); indeed, / is continuous if and only if it preserves 
convergence of sequences. 

In the sequel, x < y will indicate that x precedes y while x ^ y. 



A pictorial representation of the topology of a poset is obtained by con- 
structing the associated Basse diagram: one arranges the points of the poset 
at different levels and connects them by using the following rules : 

1. if X ^ y, then a: is at a lower level than y, 

2. ii X < y and there is no z such that x < z < y, then x is at the level 
immediately below y and these two points are connected by a link. 

Figure 3.1 shows the Hasse diagram for Pq{S^) whose basis of open sets 
is in (3.3) and for P 4 (S^). For the former, the partial order reads a < a, a ^ 
c, j3 < a, (3 < b, 7^6, 7 ^ c. The latter is a four point approximation 
of obtained from a covering consisting of two intersecting open sets. The 
partial order reads x\ < x^, x\ < X 4 , X 2 < x^, X 2 X 4 . 

In Fig. 3.1, (and in general, in any Hasse diagram) the smallest open set 
containing any point x consists of all points which are below the given one, 
X, and can be connected to it by a series of links. For instance, for P 4 (S^), 
we get the following collection for the minimal open sets. 



A(xi) = {xi} , A(x 2 ) = {X 2 } , 

A(x 3) = {xi,X2,X3} , A{x 4) = {xi,X2,X4} , 



(3.16) 



which are a basis for the topology of ^4(5^). 

® In fact, Sorkin [141] regards as finitary only those posets P for which the sets 
A{x) and V{x) defined in (3.13) and (3.14) respectively, are all finite. This would 
be the case if the poset were derived from a locally compact topological space 
with a locally finite covering consisting of bounded open sets. 
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7T 




Fig. 3.2. The finitary poset of the line R 



The generic finitary poset P(R) associated with the real line R. is shown in 
Fig. 3.2. The corresponding projection tt : R — >■ P(R) is given by 

Ui n UiJ^\ y Xi , i G ^ , 13 1 7i 

[/,+i\{[/,nc/i+iUc/.+inc/.+2}^2/* , fez. 

A basis for the quotient topology is provided by the collection of all open sets 
of the form 



A{xi) = {xi} , A{yi) = {xt,yi,Xi+i} , ieZ. (3.18) 



Figure 3.3 shows the Hasse diagram for the six-point poset PeiS"^) of the two 
dimensional sphere, coming from a covering with four open sets, which was 
derived in [141]. A basis for its topology is given by 
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Fig. 3.3. The Hasse diagram for the poset Pe(S^) 



A{xi) = {xi} , A{x 2 ) = {X 2 \ , 

A{x^) = {xi,X2,xz} , A{xi) = {xi,X2,xa} , (3.19) 

A{x^) = {xi,X2,xz,Xi,x^} , 7l(a;6) = {xi, X2, X 3 , X 4 , a^e} ■ 

Now, the top two points are closed, the bottom two points are open and the 
intermediate ones are neither closed nor open. 

As alluded to before, posets retain some of the topological information 
of the space they approximate. For example, one can prove that for the first 
homotopy group, 7 Ti(F;v(S'^)) = Z = 7r(S'^) whenever iV > 4 [141]. Consider 
the case N = A. Elements of 7 Ti(P 4(S'^)) are homotopy classes of continuous 
maps a : [0, 1] — >■ such that (t(0) = ct( 1). With a any real number in 

the open interval ]0, 1[, consider the map 



a{t) = 



xsif t = 0 
X 2 if 0 < t < a 
X 4 if t = a 
xi if a < t < 1 
X 3 if t = 1 



(3.20) 



Figure 3.4 shows this map for a = 1/2; the map can be seen to ‘wind once 
around’ P4(5'^). Furthermore, the map ct in (3.20) is manifestly continuous, 
being constructed in such a way that closed (respectively open) points of 
P 4 {S^) are the images of closed (respectively open) sets of the interval [0, 1]. 
Hence it is automatic that the inverse image of an open set in ^4(6'^) is 
open in [0, 1]. A bit of extra analysis shows that a is not contractible to the 
constant map: Any such contractible map being one that skips at least one 
of the points of ^4(6'^), like the following one 
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Fig. 3.4. A representative of the generator of the homotopy group 7 ti(P4(5'^)) 



Mt) = { 



X3 if t = 0 
X 2 if 0 < t < a 
X 4 if t = a 
X 2 if a < t < 1 
X3 if t= I 



(3.21) 



This is shown in Fig. 3.5 for the value a = 1/2. Indeed, the not contractible 
map in (3.20) is a generator of the group 7 Ti(P 4(5'^)) which can, therefore, be 
identified with the group of integers Z. 

Finally, we mention the notion of a Cartesian product of posets. If P 
and Q are posets, their Cartesian product is the poset P x Q on the set 
{{x,y) \ X G P, y £ Q} such that {x, y) ^ (x', y') in P x Q if x ^ x' in P and 
y A y' in Q. To draw the Hasse diagram of P x Q, one draws the diagram of P, 
replaces each element x of P with a copy Qx of Q and connects corresponding 
elements of Qx and Qy (by identifying Qx — Qy) if x and y are connected in 
the diagram of P. Figure 3.6 shows the Hasse diagram of a poset Pi6(S'^ x S'^) 
obtained as P 4 (<S'^) x P 4 (S'^). 




Fig. 3.5. A representative of the trivial class in the homotopy group 7ri(P4(S'^)) 
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3.3 How to Recover the Space Being Approximated 

We shall now briefly describe how the topological space being approximated 
can be recovered ‘in the limit’ by considering a sequence of finer and finer 
coverings, the appropriate framework being that of projective (or inverse) 
systems of topological spaces [141]. 

Well, let us suppose we have a topological space M together with a se- 
quence of finer and finer coverings, that is of coverings such that 

C r(W,+i) , (3.22) 

where t{U) is the topology generated by the covering Here we are re- 
laxing the harmless assumption made in Sect. 3.1 that each U is already a 
subtopology, namely that U = t{U). 

In Sect. 3.1 we have associated with each covering Ui a To-topological 
space Pi and a continuous surjection 



TTi-.M^P,. (3.23) 

We now construct a projective system of spaces Pi together with continuous 
maps 

T^ij ■ Pj Pi ) (3.24) 

defined whenever i < j and such that 

TTi = TTij O TTj . (3.25) 

These maps are uniquely defined by the fact that the spaces Pfs are Tq and 
that the map is continuous with respect to T{Uj) whenever i < j. Indeed, 
if U is open in Pi, then is open in the Wi-topology by definition, 

thus it is also open in the finer W, -topology and is continuous in T{Uj). 
Furthermore, uniqueness also implies the compatibility conditions 

'^ij ^ '^jk — '^ik J (3.26) 

whenever i < j < kf’ Notice that from the surjectivity of the maps tTi’s and 
the relation (3.25), it follows that all maps are surjective. 

The projective system of topological spaces together with continuous maps 

^ For more general situations, such as the system of all finite open covers of M, this 
is not enough and one needs to consider a directed collection {Ui}i^A of open 
covers of M. Here directed just means that for any two coverings Hi and U 2 , 
there exists a third cover Hz such that U.i,U .2 C rifif). The construction of the 
remaining part of this Section applies to this more general situation if one defines 
a partial order on the ‘set of indices’ A by declaring that i <k Wi C T{Uj) 
for any j, k £ A. 

® Indeed, the map ivij is the solution (by definition it is then unique) of a universal 
mapping problem for maps relating To-spaces [141]. 
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{Pi, 7Tij}j jgpj has a unique projective limit, namely a topological space Poo, 
together with continuous maps 

Ttioo : Poo Pj ) (3.27) 

such that 

TTij O TTjoo — '^ioo , (3.28) 

whenever i < j. The space Pqo and the maps Tiij can be constructed explicitly. 
An element x G Poo is an arbitrary coherent sequence of elements Xi G Pi, 

X = (xi)igN , Xi G Pj I 3 iVo s.t. x^ = TT^^i+i{xi+i) , V i > iVo . (3.29) 

As for the map TTioo, it is simply defined by 

TTiaoix) = Xi . (3.30) 

The space Poo is made into a Tq topological space by endowing it with the 
weakest topology making all maps TTioo continuous: a basis for it is given by 
the sets tt.^^^(P), for all open sets U C Pi. The projective system and its 
limit are depicted in Fig. 3.7. 

It turns out that the limit space Poo is bigger than the starting space M 
and that the latter is contained as a dense subspace. Furthermore, M can be 
characterized as the set of all closed points of Pioo- Let us first observe that 
we also get a unique (by universality) continuous map 

Tl’oo • M — >■ Poo , (3.31) 

which satisfies 

7T* = TTioo O TToo , V i G N . (3.32) 

The map tToo is the ‘limit’ of the maps TTi. However, while the latter are 
surjective, under mild hypothesis the former turns out to be injective. We 
have, indeed, the following two propositions [141]. 

Proposition 12. The image TToo(Af) is dense in Poo. 

Proof. If P C Poo is any nonempty open set, by the definition of the topology 
of Poo, U is the union of sets of the form [Ui], with Ui open in Pi. Choose 
Xi G Ui. Since TTi is surjective, there is at least a point m G M, for which 
TTi (to) = Xi and let tToo(to) = x. Then TTioo(a;) = TTioo (tToo) (to) = TTi (to) = x^ , 
from which x G 7r.^^^(a;i) C T^[fj^\Ui) C U. This proves that Troo(fW)nP yf 0, 
which establishes that tToo(M) is dense. 



Proposition 13. Let M he Tq and the collection {Ui\ of coverings he such 
that for every m G M and every neighborhood N B m, there exists an index 
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M 



TToo 




Pi 




Fig. 3.7. The projective system of topological spaces with continuous maps which 
approximates the space M 



i and an element U € T{Ui) such that m € U C N. Then, the map tToo is 
injective. 

Proof. If mi, m 2 are two distinct points of M, since the latter is Tq, there 
is an open set V containing mi (say) and not m 2 . By hypothesis, there 
exists an index i and an open U G r(Wi) such that mi G U C V. There- 
fore T{Ui) distinguishes mi from m 2 . Since Pi is the corresponding Tq quo- 
tient, 7Ti(mi) yf 7rj(m2). Then 7rjoo(7roo(uii)) 7rioo(7roo(ui2)), and in turn 

"^CXD (mi) yf '^CXD {m2). 

We remark that, in a sense, the second condition in the previous proposition 
just says that the covering Ui contains ‘enough small open sets’, a condition 
one would expect in the process of recovering M by a refinement of the 
coverings. 

As alluded to before, there is a nice characterization of the points of M 
(or better still of tToo{M)) as the set of all closed points of Poo. We have 
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Xjv+l Xn+2 Xn+3 X2N 




Fig. 3.8. The Hasse diagram for P 2 n{S^) 



indeed a further Proposition; for the easy but long proof one is referred to 

[141], 

Proposition 14. Let M he T\ and let the eollection {Ui\ of coverings fulfill 
the ‘fineness’ condition of Proposition 13. Let each covering Ui consist only of 
sets which are hounded (have compact closure). Then tToo ■ M — >■ Poo embeds 
M in Poo as the suhspace of closed points. 

We remark that the additional requirement on the element of each covering 
is automatically fulfilled if M is compact. 

As for the extra points of Poo, one can prove that for any extra y G Poo, 
there exists an x G tToo{M) to which y is ‘infinitely close’. Indeed, Poo can be 
turned into a poset by defining a partial order relation as follows 

x<ooV Xi<yi , Vi, (3.33) 

where the coherent sequences x = (xj) and y = (yi) are any two elements 
of Poo.® Then one can characterize tToo{M) as the set of maximal elements 
of Poo, with respect to the order ^oo- Given any such maximal element x, 
the points of Poo which are infinitely close to x are all (non maximal) points 
which converge to x, namely all (not maximal) y G Poo such that y ^oo x. 
In Poo, these points y cannot be separated from the corresponding x. By 
identifying points in Poo which cannot be separated one recovers M. The 
interpretation that emerges is that the top points of a poset P{M) (which 
are always closed) approximate the points of M and give all of M in the 
limit. The role of the remaining points is to ‘glue’ the top points together so 
as to produce a topologically nontrivial approximation to M. They also give 
the extra points in the limit. Figure 3.8 shows the 2iV-poset approximation 
to obtained with a covering consisting of N open sets. In Fig. 3.9 we have 
the associated projective system of posets. As seen in that Figure, by going 



In fact, one could directly construct Poo as the projective limit of a projective 
system of posets by defining a partial order on the coherent sequences as in 
(3.33). 
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Fig. 3.9. The projective system of posets for 



from one level to the next one, only one of the bottom points x is ‘split’ in 
three {xq^Xi,Xi\ while the others are not changed. The projection from one 
level to the previous one is the map which sends the triple {a;o, a;i, xi} to the 
parent x while acting as the identity on the remaining points. The projection 
is easily seen to be order preserving (and then continuous). As in the general 
case, the limit space Poo consists of 5”^ together with extra points. These 
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extra points come in couples anyone of which is ‘glued’ (in the sense of being 
infinitely close) to a point in a numerable collection of points. This collection 
is dense in 5”^ and could be taken as the collection of all points of the form 
{m/2" , m,n G N} of the interval [0, 1] with endpoints identified. 

In [12] a somewhat different interpretation of the approximation and of the 
limiting procedure in terms of simplicial decompositions has been proposed. 



3.4 Noncommutative Lattices 

It turns out that any (finite) poset P is the structure space A (the space of 
irreducible representations, see Sect. 2.3) of a noncommutative C*-algebra 
A of operator valued functions which then plays the role of the algebra of 
continuous functions on PJ Indeed, there is a complete classification of all 
separable® C'*-algebras with a finite dual [9]. Given any finite To-space P, 
it is possible to construct a C*-algebra A{P, d) of operators on a separable® 
Hilbert space TL{P,d) which satisfies A{P,d) = P- Here d is a function on 
P with values in N U oo which is called a defector. Thus there is more than 
one algebra with the same structure space. We refer to [9, 73] for the actual 
construction of the algebras together with extensions to countable posets. 
Here, we shall instead describe a more general class of algebras, namely ap- 
proximately finite dimensional ones, a subclass of which is associated with 
posets. As the name suggests, these algebras can be approximated by finite 
dimensional algebras, a fact which has been used in the construction of phys- 
ical models on posets as we shall describe in Chap. 11. They are also useful 
in the analysis of the AT-theory of posets as we shall see in Chap. 5. 

Before we proceed, we mention that if a separable C'*-algebra has a finite 
dual than it is postliminal [9]. From Sect. 2.4 we know that for any such 
algebra A, irreducible representations are completely characterized by their 
kernels so that the structure space A is homeomorphic with the space PrimA 
of primitive ideals. As we shall see momentarily, the Jacobson topology on 
PrimA is equivalent to the partial order defined by the inclusion of ideals. 
This fact in a sense ‘closes the circle’ making any poset, when thought of 
as the PrimA space of a noncommutative algebra, a truly noncommutative 
space or, rather, a noncommutative lattice. 

^ It is worth noticing that, a poset P being non Hausdorff, there cannot be ‘enough’ 
C- valued continuous functions on P since the latter separate points. For instance, 
on the poset of Fig. 3.1 or Fig. 3.3 the only C- valued continuous functions are 
the constant ones. In fact, the previous statement is true for each connected 
component of any poset. 

® We recall that a (7*-algebra A is called separable if it admits a countable subset 
which is dense in the norm topology of A. 

® Much as in the previous footnote, a Hilbert space H is called separable if it 
admits a countable basis. 
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3.4.1 The Space PrimA. as a Poset 

We recall that in Sect. 2.3.1 we introduced the natural To-topology (the 
Jacobson topology) on the space PrimA of primitive ideals of a noncommu- 
tative (7*-algebra A. In particular, from Prop. 6, we have that, given any 
subset W of PrimA, 

W is closed l€W and 1 C J ^JeW. (3.34) 

Now, a partial order ^ is naturally introduced on PrimA by inclusion, 

T\ C I 2 ) V Ii,l 2 G PrimA . (3.35) 

From what we said after (3.14), given any subset W of the topological space 
{PrimA, ^), 

W is closed l€W and 1 ^ J ^j€W, (3.36) 

which is just the partial order reading of (3.34). We infer that on PrimA the 

Jacobson topology and the partial order topology can be identified. 

3.4.2 AF-Algebras 

In this Section we shall describe approximately finite dimensional algebras 
following [17]. A general algebra of this sort may have a rather complicated 
ideal structure and a complicated primitive ideal structure. As mentioned 
before, for applications to posets only a special subclass is selected. 

Definition 4. A C* -algebra A is said to he approximately finite dimensional 
(AF) if there exists an increasing sequence 

Ae>^ Aih A2^ ■■■ V • (3.37) 

of finite dimensional C* -subalgebras of A, such that A is the norm closure of 
Un-^n, A = Ur. A„. The maps In are injective * -morphisms. 

The algebra A is the inductive (or direct) limit of the inductive (or direct) 
system {An, In}neN of algebras [124, 153] . As a set, [J„ An is made of coherent 
sequences. 

An — {u — (an)nCN ? G An \ 3 Aq , an-\-l — In (^n) fl ^ Aq} . (3.38) 

n 

Now the sequence (||an|U„)neN is eventually decreasing since jja„+ijj < lla„jj 
(the maps /„ are norm decreasing) and therefore convergent. One writes for 
the norm on A, 

ll(a„)„gNll = lim lla„ll^„ . 



(3.39) 
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Since the maps are injective, the expression (3.39) gives a true norm 
directly and not simply a seminorm and there is no need to quotient out the 
zero norm elements. 

We shall assume that the algebra A has a unit I. If A and An are as before, 
then An + CI is clearly a finite dimensional C*-subalgebra of A and moreover. 
An C An + Cl C An+i + Cl. We may thus assume that each An contains the 
unit I of ^ and that the maps /„ are unital. 



Example 5. LetH be an infinite dimensional (separable) Hilbert spaee. The 
algebra 

A = K.{U) + <Clu , (3.40) 

with K.{TL) the algebra of eompact operators, is an AF-algebra [17]. The ap- 
proximating algebras are given by 

An = M„(C) © C , n > 0 , (3.41) 



with embedding 



M„(C)©C9 (71, A) 




gM„+i(C)©C . 



(3.42) 



Indeed, let be an orthonormal basis in TL and let Tin be the subspace 

generated by the first n basis elements, {^i, • • • , Cn}- With Vn the orthogonal 
projection onto Tin, define 

An = {TG B{U) I T(I - Vn) = (I - Vn)T G C(I - Vn)} .. 40 ^ 

~ B{Hn) © c ~ M„(C) © C . ^ ^ ^ 



Then An embeds in An+i as in (3-4-2). Since each T G An is a sum of a 
finite rank operator and a multiple of the identity, one has that An Q A = 
/C('H) + CI^ and, in turn, (Jn-^n ^ A = IC([H) + CI^. Conversely, since 
finite rank operators are norm dense in K.{TL), and finite linear combinations 
of strings {^i, • • • , are dense in TL, one gets that IC([H) + CI^^ C (J„ An- 
The algebra (3-40) has only two irreducible representations [9], 

tti'.A — > B{TL) , a = (fc + AI«) 7Ti(a) = o , (-j aa\ 

7T2 : y4 — > B{C) ~ C , a = (fc + AI^) 7T2(a) = A , ^ ^ ^ 

with Ai,A2 G C and k G IC([H); the corresponding kernels being 



Xi =: ker{ni) = {0} , 

©2 =: ker{TT2) = IC((H) . 



(3.45) 



The partial order given by the inclusions Ii C I 2 produces the two point poset 
shown in Fig. 3.10. As we shall see, this space is really the fundamental build- 
ing block for all posets. A comparison with the poset of the line in Fig. 3.2, 
shows that it can be thought of as a two point approximation of an interval. 
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Fig. 3.10. The two point poset of the interval 

In general, each subalgebra An being a finite dimensional C*-algebra, is 
a direct sum of matrix algebras, 

kfi 

A.-0M^(„)(C) , (3.46) 

k=l 

where Md(C) is the algebra of d x d matrices with complex coefficients. In 
order to study the embedding Ai ^ A2 of any two such algebras Ai = 
0"^i M^(i) (C) and A 2 = M^( 2 ) (C), the following proposition [68, 153] 

is useful. 

Proposition 15 . Let A and B be the direct sum of two matrix algebras, 

A = (C) © Mp3 (C) , B = (C) © M,, (C) . (3.47) 

Then, any (unital) morphism a : A ^ B can be written as the direct sum of 
the representations aj : A ^ M^^(C) ~ ,B(C^-’),j = 1 , 2 . If nji is the unique 
irreducible representation o/Mp. (C) in B{^A^), then aj splits into a direct 
sum of the nji’s with multiplicity Nji, the latter being nonnegative integers. 

Proof. This proposition just says that, by suppressing the symbols nji, and 
modulo a change of basis, the morphism a : A ^ B is of the form 

^0 B hT y4©--©4 © g©-y©B 0 /l©-y©4 © g©-y©g , 

A^ll iVi2 N 2 I A^22 

(3.48) 

with A^B G A. Moreover, the dimensions (pi,P2) and (( 71 ,( 72 ) are related 

by 

NiiPi + N12P2 = qi , /o 

N21P1 + N22P2 = Q2 ■ 

Given a unital embedding A\ ^ A2 of the algebras Ai — 0?bi M (p (C) 

J Ctj 

and A 2 = 0fcli M^( 2 )(C), by making use of Proposition 15 one can always 
choose suitable bases in Ai and A2 in such a way as to identify A\ with a 
subalgebra of A2 having the following form 
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Here, with any two nonnegative integers p, q, the symbol pMq(C) stands for 

pM,(C) ~M,(C)0cIp , (3.51) 

and one identifies 0”li (i)(C) with a subalgebra of M (2)(C). The 

nonnegative integers Nkj satisfy the condition 

ni 

= (3-52) 

One says that the algebra M^(i) (C) is partially embedded in M^(2) (C) with 

multiplicity Nkj. A useful way of representing the algebras Ai, A 2 and the 
embedding Ai ^ A 2 is by means of a diagram, the so called Bratteli diagram 
[17], which can be constructed out of the dimensions d^^'^ , j = 1, . . . , ni and 

d\ , /c = 1, . . . , 712, of the diagonal blocks of the two algebras and out of the 
numbers Nkj that describe the partial embeddings. One draws two horizontal 
rows of vertices, the top (bottom) one representing A\ {A 2 ) and consisting 
of ni (712) vertices, one for each block which are labeled by the corresponding 
dimensions . . . , dni {d‘f\ . . . , dn^)- Then, for each j = 1, . . . , rii and 
k = l,...,ri2, one has a relation dj^'^ to denote the fact that 

M (i)(C) is embedded in M (2)(C) with multiplicity Nkj. 

For any AF-algebra A one repeats the procedure for each level, and in this 
way one obtains a semi-infinite diagram, denoted by 'D{A) which completely 
defines A up to isomorphism. The diagram T>(A) depends not only on the 
collection of A’s but also on the particular sequence {A„}„gN which generates 
A. However, one can obtain an algorithm which allows one to construct from 
a given diagram all diagrams which define AF-algebras which are isomorphic 
with the original one [17]. The problem of identifying the limit algebra or 
of determining whether or not two such limits are isomorphic can be very 
subtle. Elliot [70] has devised an invariant for AF-algebras in terms of the 
corresponding K theory which completely distinguishes among them (see 
also [68]). We shall elaborate a bit on this in Chap. 5. It is worth remarking 
that the isomorphism class of an AF-algebra (J^ An depends not only on the 
collection of algebras A„’s but also on the way they are embedded into each 
other. 

Any AF-algebra is clearly separable but the converse is not true. Indeed, 
one can prove that a separable C*-algebra A is an AF-algebra if and only if it 
has the following approximation property: for each finite set {oi, . . . , a„} of 
elements of A and e > 0, there exists a finite dimensional C'*-algebra B C A 
and elements 61, ...,&„ G such that | [ofe — 6fc|| < £, k = 1, . . . , n. 




0iVfc,M_^a)(C) 






(3.50) 
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Given a set T> of ordered pairs {n,k),k = 1, - ■■ ,kn , n = 0, 1, • • •, with 
ko = 1, and a sequence {\*’}p=oq,-- of relations on T>, the latter is the 
diagram T>{A) of an AF-algebras when the following conditions are satisfied, 



(i) If (n, g) G T> and m = n + 1, there exists one and only one 

nonnegative (or equivalently, at most a positive) integer p such that 
(n,fc) V (n+ l,q). 

(ii) If m n + 1, no such integer exists. 

(iii) If (n, k) € T), there exists q € {1, • • • , n„+i} and a nonnegative integer p 
such that (n, k) \p (n+l,q). 

(iv) If (n, k) GT> and n > 0, there exists q € {I, • • • , n„_i} and a nonnegative 
integer p such that (n — I, g) (n, k). 



It is easy to see that the diagram of a given AF-algebra satisfies the 
previous conditions. Conversely, if the set T> of ordered pairs satisfies these 
properties, one constructs by induction a sequence of finite dimensional C*- 
algebras {An}„gN and of injective morphisms /„ : An — f An+i in such a 
manner so that the inductive limit {An,.In}nGN will have T> as its diagram. 
Explicitly, one defines 



0 M^(„)(C) = 0M^(„)(C) , (3.53) 

k-{n,k)£Ti fc=l 



and morphisms 

In : ©f=iM^(„)(C) ^ M_^(„+,,(C) , 

Ai © • • • © (©^A^AfyAj) 0 • • • 0(©j" 1 Aj) , 

(3.54) 

where the integers Nkj are such that (n, j) (n+l,k) and we have used 

the notation (3.51). Notice that the dimension of the factor M^(n+i) (C) 

is not arbitrary but it is determined by a relation like (3.52), 

= ■ (3-55) 

j=i 



Example 6. An AF-algebra A is commutative if and only if all the factors 
M^(„)(C) are one dimensional, M^(„)(C) ~ C. Thus the corresponding dia- 
gram T> has the property that for each (n, k) € 'D,n > 0, there is exactly one 
{n— l,j) G T> such that (n — l,j) (n,k). 
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There is a very nice characterization of commutative AF-algebras and of their 
primitive spectra [18], 

Proposition 16. Let A be a commutative C* -algebra with unit I. Then the 
following statements are equivalent. 

(i) The algebra A is AF. 

(ii) The algebra A is generated in the norm topology by a sequence of projec- 
tors {Vi\, with Vo = I. 

(Hi) The space PrimA is a second-countable, totally disconnected, compact 
Hausdorff space.^^ 

Proof. The equivalence of (i) and (ii) is clear. To prove that (Hi) implies 
(ii), let A be a second-countable, totally disconnected, compact Hausdorff 
space. Then X has a countable basis {A„} of open-closed sets. Let be the 
characteristic function of A„. The *-algebra generated by the projector {P„} 
is dense in C(X): since PrimC(X) = X, (Hi) implies (ii). The converse, that 
(ii) implies (Hi), follows from the fact that projectors in a commutative C*- 
algebra A correspond to open-closed subsets in its primitive space PrimA. 

Example 7. Let us consider the subalgebra A of the algebra B(TL) of bounded 
operators on an infinite dimensional (separable) Hilbert space TL — Hi (BH 2 , 
given in the following manner. Let Vj be the projection operators on Hj, j = 
1,2, and IC(H) the algebra of compact operators on H. Then, the algebra A 
is 

Av = CVi + K.(H) + CV 2 . (3.56) 

The use of the symbol Av is due to the fact that, as we shall see below, this 
algebra is associated with any part of the poset of the line in Fig. 3.2, of the 
form 

y = {yi-i,x„y^} , (3.57) 

in the sense that this poset is identified with the space of primitive ideals 
of Ay. The C*-algebra (3.56) can be obtained as the inductive limit of the 
following sequence of finite dimensional algebras: 

Ao = Mi(C) , 

Ai =Mi(C)©Mi(C) , 

A 2 = Mi(C) © M2(C) © Mi(C) , 

A3 = Mi(C)©M4(C)©Mi(C) , 

An = Mi(C) © M2„_2(C) © Mi(C) , 



We recall that a topological space is called totally disconnected if the connected 
component of each point consists only of the point itself. Also, a topological 
space is called seeond-eountable if it admits a countable basis of open sets. 
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Fig. 3.11. The Bratteli diagram of the algebra Ay ; the labels indicate the dimen- 
sion of the corresponding matrix algebras 

where, for n > 1, An is embedded in An+i as follows 

Mi(C)© ^ 2 n — 2 (C)©Mi(C) -T 

-4 Mi(C) © (Mi(C) © M 2 „_ 2 (C) © Mi(C)) © Mi(C) , 

Ai 0 0 0 O' 

0 Ai 0 0 0 

0 0 S 0 0 , (3.59) 

0 0 0 A 2 0 

0 0 0 0 A 2 

for any Ai,A 2 G Mi(C) and any B G M 2 „_ 2 (C). The corresponding Brat- 
teli diagram is shown in Fig. 3.11. The algebra (3.56) has three irreducible 
representations, 

7 Ti : Ay — S- BiTL) , a = {\iPi + fc + A 2 P 2 ) 7Ti(a) = o , 

7T2 : Ay — y jB(C) ~ C , a = (AiT^i + fc + A27^2) ’^ 2 (a) = Ai , (3.60) 

7 T 3 : Ay — y B(C) ~ C , a = (AiT^i + fc + A2?^2) ’^sia) = A 2 , 

with Ai,A 2 G C and k G IC(H). The corresponding kernels are 

= { 0 } , 

1 2 = IC{n) + CP 2 , (3.61) 

1 3 = cPi + ic{n) . 

The partial order given by the inclusions I\ C I 2 and I\ C I 3 (which, as 
shown in Sect. 3.).1 is an equivalent way to provide the Jacobson topology) 
produces a topological space PrimAy which is just the \J poset in (3.57). 



'Ai 0 O' 

0 B 0 h4 
0 0 A 2 
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3.4.3 Prom Bratteli Diagrams to Noncommutative Lattices 

From the Bratteli diagram of an AF-algebra A one can also obtain the (norm 
closed two-sided) ideals of the latter and determine which ones are primitive. 
On the set of such ideals the topology is then given by constructing a poset 
whose partial order is provided by the inclusion of ideals. Therefore, both 
Prim{A) and its topology can be determined from the Bratteli diagram of 
A. This is possible thanks to the following results of Bratteli [17]. 



Proposition 17. Let A = Un^n be any AF-algebra with associated Bratteli 
diagram 'D{A). Let I be an ideal of A. Then I has the form 



2: = U ©fe;(„.fc)G4x M^(„)(C) (3.62) 

n—1 

with the subset Ax C L){A) satisfying the following two properties: 

i) if (n,k) € Ax and {n,k) \F ,P > Q, then belongs to 

ii) if all factors (n -I- 1, j) ,j = 1, . . . , in which (n, k) is partially em- 

bedded belong to Ax, then (ji,k) belongs to Ax- 

Conversely, if A C 77(A) satisfies properties (i) and (ii) above, then the subset 
I A of A defined by (3.62) (with A substituted for Ax) is an ideal in A such 
that If] An = ®k-,{n,k)eAx M^(-)(C). 



Proposition 18. Let A = 2i be an ideal of A and let Ax C 77(A) 

be the associated subdiagram. Then the following three conditions are equiv- 
alent."^^ 

(i) The ideal I is primitive. 

(ii) There do not exist two ideals Ii,l 2 G A such that I\ ^ I I 2 and 
I = i\ n I 2 . 

(Hi) Lf {n,k),{m,q) ^ Ax, there exists an integer p > n, p > m, and a 
couple (p, r) 4 Ax such that M („> (C) and M (m) (C) are both partially 

dk dq 

embedded in M^(p) (C) ( equivalently, there are two sequences along the 
diagram 77(A) starting at the points (n, k) and {m, q) with both ending at 
the same point {p,r)). 

We recall that the whole of A is an ideal which, by definition, is not primitive 
since the trivial representation A — >■ 0 is not irreducible. Furthermore, the 
ideal {0} C A is primitive if and only if A is primitive, which means that 
it has an irreducible faithful representation. This fact can also be inferred 



11 



In fact, the equivalence of (i) and (ii) is true for any separable (7*-algebra [55]. 
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(a) (b) (c) 

Fig. 3.12. The three ideals of the algebra A\y 

from the Bratteli diagram. Now, the ideal {0}, being represented at each 
level by the element 0 G An^^, is not associated with any subdiagram of 
'D{A). Therefore, to check if {0} is primitive, we have the following corollary 
of Proposition 18. 



Proposition 19. Let A = Then the following conditions are equiva- 

lent. 

(i) The algebra A is primitive (the ideal {0} is primitive). 

(ii) There do not exist two ideals in A different from {0} whose intersection 
is { 0 }. 

(Hi) If {n,k),{m,q) G there exists an integer p > n, p > m, and a 

couple (p, r) G 'DiA) such that M .(«) (C) and M ,(m) (C) are both partially 
embedded in M^(p)(C) (equivalently, any two points of the diagram 'D{Af) 
can be connected to a single point at a lower level of the diagram). 

For instance, from the diagram of Fig. 3.11 we infer that the corresponding 
algebra is primitive, meaning that the ideal {0} is primitive. 

Example 8 . As a simple example, consider the diagram of Fig. 3.11. The 
corresponding AF-algebra Av in (3.56) contains only three nontrivial ideals 
whose diagrammatic representation is in Fig. 3.12. 

In these pictures the points belonging to the same ideal are marked with a 
“ • ” . It is not difficult to check that only I 2 and I 3 are primitive ideals, since 

In fact one could think of d{o} as being the empty set. 
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I]C does not satisfy the property (Hi) above. Now Ii = {0} is an ideal which 
clearly belongs to both I 2 andl^ so that Prim(A) is any \f part of Fig. 3.2 of 
the form \J — {yi-i,Xi,yi}. From the diagram of Fig. 3.12 one immediately 
obtains 

l 2 = Cln + lC(n), . . 

h = Clu + 1C(H) , ^ ’ 

FL being an infinite dimensional Hilbert space. Thus, I 2 and I 3 can be iden- 
tified with the corresponding ideals of Av given in (3.61). As for lie, from 
Fig. 3.12 one gets lie = /C('H) which is not a primitive ideal of A\/. 

3.4.4 Prom Noncommutative Lattices to Bratteli Diagrams 

There is also a reverse procedure which allows one to construct an AF -algebra 
(or rather its Bratteli diagram T>(A)) whose primitive ideal space is a given 
(finitary, noncommutative) lattice P [18, 19]. We shall briefly describe this 
procedure while referring to [72, 73] for more details and several examples. 

Proposition 20. Let P be a topological space with the following properties, 

(i) The space P is Tq; 

(ii) If F C P is a closed set which is not the union of two proper closed 
subsets, then F is the closure of a one-point set; 

(Hi) The space P contains at most a countable number of closed sets; 

(iv) If {F„}n is a decreasing (Fn+i Q F„) sequence of closed subsets of P, 
then Pin element in {Fn}n- 

Then, there exists an AF algebra A whose primitive space PrimA is home- 
omorphic to P. 

Proof. The proof consists in constructing explicitly the Bratteli diagram 27(A) 
of the algebra A. We shall sketch the main steps while referring to [18, 19] 
for more details. 



• Let {Ko, Ki, K 2 , . . .} be the collection of all closed sets in the lattice P, 

with Kq = P. 

• Consider the subcollection /C„ = {Kq, Ki, . . . , 2F„} and let K.'^ be the small- 

est collection of (closed) sets in P containing /C„ which is closed under 
union and intersection. 

• Consider the algebra of sets^^ generated by the collection /C„. Then, the 

minimal sets = {y„(l), (2 ),..., lA(fc„)} of this algebra form a par- 

tition of P. 



We recall that a non empty collection R of subsets of a set X is called an algebra 
of sets if R is closed under the operations of union, i.e. E,F£R^EuFgR, 
and of complement, i.e. E G R ^ E‘^ =: X \ E G R. 
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• Let Fn{j) be the smallest set in the subcollection /C^ which contains Yn(j). 

Define , F„(/c„)}. 

• As a consequence of the assumptions in the Proposition one has that 



Yr.{k) c F„(ft) , 


(3.64) 


k 


(3.65) 


[]F^{k) = P , 

k 


(3.66) 


Y^{k) = F^{k) \ M {F„(p) 1 F„(p) C F„(fc)} , 


(3.67) 


p^k 


F„{k) = lJ{F„+i(p) 1 F„+i(p) C F„(fc)} , 


(3.68) 


If F C P is closed , 3 n > 0 , s.t. 


Fu{k) = lJ{F„(p) 1 F„(p) C F} . 


(3.69) 



p 



• The diagram T>{A) is constructed as follows. 

(1.) The n-th level ofV{A) has kn points, one for each set Yn{k), 
wherek = 1, • • • , kn- 

Thus V{A) is the set of all ordered pairs (n, k), 
k = I,. . . ,kn, n = 0, 1, . . . . 

(2.) The point corresponding to Yn{k) at level n of the diagram is linked 
to the point corresponding to Yn+i{j) at level n + 1, if and only if 
Yn{k) n Fn+i{j) yf 0. The multiplicity of the embedding is always 1. 
Thus, the partial embeddings of the diagram are given by 

(n, fc) \P (n + 1, j) , with 

p= 1 if y„(fc)n F„+i(j) ^0 , (3.70) 

p = 0 otherwise . 

That the diagram T>{A) is really the diagram of an AF algebra A, namely 
that conditions {i) — (iv) of page 40 are satisfied, follows from the conditions 
(3.64)-(3.69) above. 

Before we proceed, recall from Proposition (5) that there is a bijective cor- 
respondence between ideals in a C'*-algebra and closed sets in PrimA, the 
correspondence being given by (2.36). We shall construct a similar correspon- 
dence between closed subsets F C P and the ideals Ip in the AF-algebra A 
with subdiagram Ap C T>{A). Given then, a closed subset F C P, from 
(3.69), there exists an m such that F C fC'^. Define 



{Ap)n = {{n, k) I n > m , F„(/c) n F = 0} . 



(3.71) 
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By using (3.67) one proves that conditions (i) and {ii) of Proposition 17 are 
satisfied. As a consequence, if ylj’ is the smallest subdiagram corresponding 
to an ideal Ip, namely the smallest subdiagram satisfying conditions (z) and 
(ii) of Proposition 17, which also contains {Ap)n, one has that 

{Ap)„ = Ap P|{(n, /c) I (n, fc) G 27(A), n > m} , (3.72) 

which, in turn, implies that the mapping F Ap ^ Ip is injective. 

To show surjectivity, let X be an ideal in A with associated subdiagram Ap. 
For n = 0, 1, . . ., define 

Fn = p \ lj{7^n(fc) I 3(n- l,p) G Ax , (n- l,p) {n,k) G Ax} . (3.73) 

k 

Then {F„}„ is a decreasing sequence of closed sets in P. By assumption (iv), 
there exists an m such that Fm = fjn Fn- By defining F = Fm, one has 
Fn = F for n > m and 

^if^{{n,k)\n>m}=:{Ap)jn- (3.74) 

Thus, Ax = Ap and the mapping F i— >■ Ip is surjective. 

Finally, from the definition it follows that 

Fi C F2 ^ Ip, 2 If, . (3.75) 

For any point x € P, the closure {x} is not the union of two proper closed 
subsets. From (3.75), the corresponding ideal is not the intersection 
of two ideals different from itself, thus it is primitive (see Proposition 18). 
Conversely, if Xp is primitive, it is not the intersection of two ideals different 
from itself, thus from (3.75) F is not the union of two proper closed subsets, 
and from assumption (ii), it is the closure of a one-point set. We have then 
proven that the ideal Xp is primitive if and only if F is the closure of a one- 
point set. 

By taking into account the bijection between closed sets of the space P and 
ideals of the algebra A and the corresponding bijection between closed sets 
of the space PrimA and ideals of the algebra A, we see that the bijection 
between P and PrimA which associates the corresponding primitive ideal to 
any point of P, is a homeomorphism. 

We know that different algebras could yield the same space of primitive ideals 
(see the notion of strong Morita equivalence in App. A. 4). It may happen 
that by changing the order in which the closed sets of P are taken in the 
construction of the previous proposition, one produces different algebras, all 
having the same space of primitive ideals though, and so all producing spaces 
which are homeomorphic to the starting P (any two of these spaces being, a 
fortiori, homeomorphic) . 
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Example 9. As a simple example, consider again the lattice, 

V = {yi-i,Xi, Vi} = {x2, xi,x^} . (3.76) 

This topological space contains four closed sets: 

Ko = {X 2 , Xi, X 3 } , Ki = {X 2 } , K 2 = {X 3 } , itTs = {X 2 , X 3 } = Ki\JK 2 ■ 

(3.77) 

Thus, with the notation of Proposition 20, it is not difficult to check that: 

/Co = {iCo} , IC'o = {Ko} , 

ICi = {Ko,Ki}, IC[ = {Ko,Ki}, 

IC2 = {Ko,Ki,K2} , 1C'2 = {Ko,K^,K2,Ko} , 

JCo = [Ko,K^,K2,Ko} ,JC'o = {Ko,K^,K2,Ko} , 



Fo(l) = {Xi,X2,X3} , Fo(l) = iCo, 



n(l) = {x2} , 


Yi(2) = {xi,X3} , 


Fi{l) = K 4 , 


Fi(2) = iCo 


Y2{1) = {X2} , 


>^2(2) = {xi} , 


F2{1) = Ki , 


^2(2) = iCo 


i"2(3) = {X3} , 




^ 2 ( 3 ) = K2 , 




i" 3 (l) = {X2} , 


>^3(2) = {xi} , 


/^ 3 ( 1 ) = K4 , 


i^ 3 ( 2 ) = K3 



>3(3) = {X3} , Fa(2) = K2 , 

(3.78) 

Since \f has only a finite number of points (three), and hence a finite number 
of closed sets (four), the partition of \J repeats itself after the third level. 
Figure 3.13 shows the corresponding diagram, obtained through rules (1.) 
and (2.) in Proposition 20 above (on page 46). By using the fact that the first 
matrix algebra ^0 is C and the fact that all the embeddings have multiplicity 
one, the diagram of Fig. 3.13 is seen to coincide with the diagram of Fig. 3.11. 
As we have previously said, the latter corresponds to the AF-algebra 

Ay = cvi + K{n) + CV2 , n^Ui®n2 . ( 3 . 79 ) 

Example 10. Another interesting example is provided by the lattice P 4 {S^) 
for the one- dimensional sphere in Fig. 3.1. This topological space contains 
six closed sets: 

Kq = {xi,X2,Xz,X4\ , Ki = {xi,Xz,Xi} , K 2 = {X 3 } , Ks = {Xi} , 

K4 = {X2, X3, X4} , 7C5 = {X3, X4} = K2U K3 . 



(3.80) 
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01 




13 

23 

33 

43 



Fig. 3.13. The Bratteli diagram associated with the poset V; the label nk stands 
for Y„{k) 



Thus, with the notation of Proposition 


20, one finds. 




/Co 


= {Ko} , 


K 


= {K^} , 




/Cl 


= {Ko,Ki} , 


/C'l 


= {/Co,JCi} , 




/C2 


= {Ko,K,,K2} , 


/C' 


= {K^,K^,K2} , 




/Cs 


= {Ko,Ki,K2,Ks} , 


/c '3 


= {Ko,KuK2,Ks 


,/Cs} , 


/C4 


= {Ko,Ki,K2,K3,K^} , 


/c^ 


= {Ko,Ki,K2,Ks 


,K4,K5} 


/C5 


= {Ko,Ki,K2,Ks,K^,K5} , 


/C's 


= {Ko,KuK2,Ks 


,K4,K^} 



Fo(l) = {xi,X2,a;3,a;4} , 


Foil) = Ko , 




Fi(l) = {xi,a;3,a;4} , 


Y4{2)={x2} , 


Fiil) = Ki , 


Ffi2) = Ko 


Y2{1) = {X3} , 
^ 2 ( 3 ) = {a;i,a;4} , 


Y2{2) = {x2} , 


F2{1) = K 2 , 
F2{5) = K, , 


F2{2) = Ko 


i"3(l) = {X3> , 
F3(3) = {xi} , 


Yfi2) = {X 2 } , 

^3(4) = {X4} , 


Foil) = K 2 , 
Ffi3) = , 


F^m = Ko 

F3(4) = Ko 


F 4 ( 1 ) = {X 3 } , 
F4(3) = {xi} , 


Yfi2) = {X 2 } , 
^ 4 ( 4 ) = {X 4 } , 


II II 


Fii2) = Ki 
F4(4) = Ko 


n(l) = {X3} , 
n(3) = {xi} , 


^5(2) = {^ 2 } , 

^ 5 ( 4 ) = {X 4 } , 


/^5(l) = K 2 , 
FoiS) = K, , 


Foi2) = Ki 
FoiY) = Ko 



(3.81) 
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Fig. 3.14. The Bratteli diagram for the circle poset P 4 {S^) 

Since there are a finite number of points (four), and hence a finite number of 
closed sets (six), the partition of repeats itself after the fourth level. 

The corresponding Bratteli diagram is exhibited in Fig. 3.1 f. The ideal {0} 
is not primitive. The algebra is given by 

A = Mi(C) , 

=Mi(C)©Mi(C) , 

.42 = Ml (C) © M 2 (C) © Ml (C) , 

.43 = Mi(C)©M4(C)©M2(C)©Mi(C) , 

.44 = Mi(C) © M6(C) © M4(C) © Mi(C) , (3.82) 

A.n = Mi(C) © M 2 „— 2 (C) © M 2 „— 4 (C) © Mi(C) , 



where, for n > 2, An is embedded in An+i follows 

Ai 

Ai 0 0 

0 B 0 
0 0 A 2 

Ai 0 0 

0 C 0 
0 0 A 2 

A2 
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with Ai,A2 G Mi(C), B G M2„_2(C) and C G M2„_4(C); elements which 
are not shown are equal to zero. The algebra limit Alp^(5i) can he realized 
explicitly as a subalgebra of hounded operators on an infinite dimensional 
Hilbert space TL naturally associated with the poset P4{S^). Firstly, to any 
link (xi,Xj),Xi >- Xj, of the poset one associates a Hilbert space TLij; for the 
case at hand, one has four Hilbert spaces, 'H3i,'H32,'H4i,'H42- Then, since all 
links are at the same level, TL is just given by the direct sum 

TL = TL31 © TL32 ® TL41 © TL42 ■ ( 3 . 84 ) 



The algebra Alpj(si) is given by [73], 

“ 4 p 4 (Sl) = ‘C.P'H31<B'H32 + ^« 31 ®W 41 + ^« 32 ®W 42 + C’^W 41®«42 ' ( 3 . 85 ) 

Here K. denotes compact operators and V orthogonal projection. The algebra 
(3.85) has four irreducible representations. Any element a G Ap^(si) is of the 
form 

a = XPsp2 + ^34,1 + ^4,2 + fTPi,12 , ( 3 . 86 ) 

with X,fj,GC, ks4^i G ^34^2 G ^«32®W42- ^^6 representations 

are the following ones, 

’’’i • Alp4(5i) — !► B([H) , a I— >■ 7Ti(a) = AP342 + ^34,1 + lTP4,i2 , 

'■ - 4 p 4 (Si) B{TL) , a e® 712(0) = XPz,12 + ^34, 2 + ^^4,12 , /o oy'i 

’’■3 : Alp4(si) — ^ B{C) ~ C , a H> 713(0) = A , 

7T4 : Alp4(si) — B(C) ~ C , o e® 714(0) = pL . 

The corresponding kernels are 

^ 4 ^ 32 ® 4^42 1 

'^2. ^443i® 4441 ’ /o QQ\ 

2^3 = ^443104441 + ^4432®4442 + ‘^^444i®4442 ) 

I 4 = CVh3 i®4432 4“ ^4431 04441 4” ^4432 04442 ■ 

The partial order given by the inclusions Ii C I3, ©i C I4 and I2 C I3, 
I2 C I4 produces a topological space PrimAp,^(^s^) which is just the circle 
poset in Fig. 3.1. 



Example 11 . We shall now give an example of a three-level poset. It cor- 
responds to an approximation of a two dimensional topological space (or a 
portion thereof). 

This topological space, shown in Fig. 3.15, contains five closed sets: 

Ko = {xi} = {xi,a:2,a;3,a;4}^ Ki = {a;2} = {cc2,a;3,X4} , 

K2 = {2:3} = {X3} , = {X4} = {X4} , 

K4 = {373, 274} = K2AK3 . 



( 3 . 89 ) 
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Fig. 3.15. A poset approximating a two dimensional space 



Thus, still with the notations of Proposition 20, 



/Co = {i^o} , 

/Ci = {Xo,/Ci} , 

1C2 = {Ko,K^,K2} , 

/C3 = {Xo,/Ci,/C2,/C3} , 

IC4 = {Ko,Ki,K2,K3,K4} , 



one finds, 

IC'o = {Ko} , 

IC[ = {Ko,K4} , 

IC'^ = {Ko,KuK2} , 

IC':, = {Ko,K4,K2,K3,K4} , 
IC^ = {Ko,K4,K2,K3,K4} , 



yb(i) = {xi,x2, 


X3,X4} , 


Foil) = Ko , 




Fl(l) = {X2,X3,X4} , 

Yi{2) = {xi} , 


Fiil) = K 4 , 


Fi(2) = Ko 


>"2(1) = {X3} , 

1 ^ 2 ( 3 ) = {X2,X4} 


Y2{2) = {xi} , 


^2(1) = K 2 , 
^2(3) = Ki , 


F2i2) = Ko 


i"3(l) = {X3} , 
i"3(3) = {X2} , 


^ 3 ( 2 ) = {xi} , 

F3(4) = {X4} , 


Foil) = K 2 , 
Foii) = , 


Foi2) = Ko 
FoiA) = Ko 


¥ 4 ( 1 ) = {X 3 } , 
i"4(3) = {X 2 } , 


14 ( 2 ) = {xi} , 

^ 4 ( 4 ) = {X 4 } , 


^4(1) = K 2 , 

Fiii) = /Cl , 


F4(2) = Ko 
F4(4) = Ko 



(3.90) 

Since there are a finite number of points (four), and hence a finite number 
of closed sets (five), the partition of the poset repeats after the fourth level. 
The corresponding Bratteli diagram is shows in Fig. 3.16. The ideal {0} is 
primitive. The corresponding algebra is given by 
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Fig. 3.16. The Bratteli diagram for the poset Y of previous Figure 



A = Mi(C) , 

=Mi(C)©Mi(C) , 

A2 = Mi(C) © M2(C) © Mi(C) , 

^3 = Mi(C) © M4(C) © M2(C) © Mi(C) , 
Ai = Mi(C) © Ms(C) © M4(C) © Mi(C) , 



An — Mi(C) © M„2_3„_|_4(C) © M2n-4(C) © Mi (C) , 



where, for n > 2, An is embedded in An+i as follows 



B 

C 

^2 






Ai 0 0 0 

0 B 0 0 
0 0 C 0 
0 0 0 A 2 

Ai 0 0 

0 C 0 
0 0 A 2 

A2 



( 3 . 91 ) 



( 3 . 92 ) 



with Ai, A 2 G Mi(C), B G M„ 2 _ 3 „_|_ 4 (C) and C G M 2 „_ 4 (C); elements which 
are not shown are equal to zero. Again, the algebra limit Ay can be given as 
a subalgebra of bounded operators on a Hilbert space H. The Hilbert spaces 
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associated with the links of the poset will be "^32, "^42, 'H21 • The difference 
with the previous example is that now there are links at different levels. On 
passing from one level to the next (or previous one) one introduces tensor 
products. The Hilbert space TL is given by 

TL = TL32 ® TL21 © TL42 (Si TL21 — {TL32 ® TL42) (S TL21 . ( 3 . 93 ) 

The algebra Ay is then given by [ 73 ], 

Ay ^”^^32 04^21 ©^ 4^32 04^42 ©”^4^21 ©^(4t32®4t42)04t21 ©^”^4^4204^21 ’ ( 3 . 94 ) 

Here 1 C denotes compact operators and V orthogonal projection. This algebra 
has four irreducible representations. Any element of it is of the form 

a = AP321 + ^ 34^2 © ’P2I © ^34,21 © M ^421 ) ( 3 . 95 ) 

with X,p,GC, ks4,2 G ^W32©«42 and *34, 21 G IC{U32®ni2)0H2i- The represen- 
tations are the following ones, 

7 Ti : Ay — ^ B{H,) , a 1-^ TTi{a) = XP321 © ^ 34 , 2 © 'P21 © ^34, 21 © tCP 42 i , 
7T2 : Ay — > B{TL) , a e- 7T2(a) = AP321 + ^34^2 © 'P21 © /4P421 , 

7 T 3 : Ay — > B(C) ~ C , a e- >• 713(0) = A , 

7 T 4 : Ay > B(C) ~ C , O e- >• 714(0) = /i . 

( 3 . 96 ) 

The corresponding kernels are 
Ti = { 0 } , 

T-2 ^('H 320 'H 42 ) 0 'H 2 i ’ ^2 

Tz A>4^3204t42 © TxL21 © ^(4^3204^42)04^21 © ^”^444204421 7 
T 4 ^”^4432 04421 © ^4432 04442 © ”^4421 © ^(4432 04442)04421 ’ 

The partial order given by the inclusions ©i C I2 C I3 and ©i C I2 C I4 
produces a topological space PrimAy which is just the poset of Fig. ( 3 . 15 ). 

In fact, by looking at the previous examples a bit more carefully one 
can infer the algorithm by which one goes from a (finite) poset P to the 
corresponding Bratteli diagram V{Ap). Let {x\, - ■ ■ ,xn) be the points of P 
and for k = let Su =■ {xk\ be the smallest closed subset of P 

containing the point Xj. Then, the Bratteli diagram repeats itself after level 
N and the partition Yn{k) of Proposition 20 is just given by 

©n(fc)=©n+i(fc) = {a:fc} 7 k=l,...,N, WuPN. ( 3 . 98 ) 

As for the associated Fn{k) of the same Proposition, from level TV + 1 on, 
they are given by the Sk, 



Fn{k) = Fn+i{k) = Sk , k = 1, . . . ,N , Vn>A^+l. 



( 3 . 99 ) 
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In the diagram T>(Ap), for any n > N, (n,k) \ {n + l,j) if and only if 
{xk} n 7 ^ that is if and only if Xk G Sj. 

We also sketch the algorithm used to construct the algebra limit Ap de- 
termined by the Bratteli diagram [9, 73]. The idea is to associate 

to the poset P an infinite dimensional separable Hilbert space T~L{P) out of 
tensor products and direct sums of infinite dimensional (separable) Hilbert 
spaces T-Lij associated with each link (xi,Xj),Xi >- Xj, in the poset. Then 
for each point x £ P there is a subspace 'H(x) C 'H(H) and an algebra B{x) 
of bounded operators acting on 'H(x). The algebra Ap is the one generated 
by all the B{x) as x varies in P. In fact, the algebra B{x) can be made to act 
on the whole of T~L{P) by defining its action on the complement of %{x) to be 
zero. Consider any maximal chain Ca in P: Ca = {xa, ■ ■ • , X2, x\ \ Xj >- Xj-i} 
for any maximal point Xa G P- To this chain one associates the Hilbert space 

n{c^) = Pcp-i ® ® Psa ® P2,i ■ (3.100) 

By taking the direct sum over all maximal chains, one gets the Hilbert space 
%{P), 

n{p) = @n{c^) . (3.101) 

a 

The subspace "H(x) C 'H{P) associated with any point x £ P is constructed 
in a similar way by restricting the sum to all maximal chains containing the 
point X. It can be split into two parts, 

n{x) = n{xY®u{xY , ( 3 . 102 ) 

with, 

n{xY = n{P^), P^ = {y£P\yhx} , 
n{xr = n{P^), P^ = {y£P\yPx} . 

Here 'H(H“) and 'H(Px) are constructed as in (3.101); also, "H(a;)“ = C if a; 
is a maximal point and T~L{xY = C if a; is a minimal point. Consider now the 
algebra B{x) of bounded operators on "H(x) given by 

B{x) = /CCH(a;)“) O <CV{%{xf) ~ IC{n{xY) ® V{n{xf) . (3.104) 

As before, /C denotes compact operators and V orthogonal projection. We see 
that B{x) acts by compact operators on the Hilbert space "H(a:)“ determined 
by the points which follow x and by multiples of the identity on the Hilbert 
space ^.{xY determined by the points which precede x. These algebras satisfy 
the rules: B{x)B{y) C B{x) ii x ^ y and B{x)B{y) = 0 if a; and y are not 
comparable. As already mentioned, the algebra A{P) of the poset P is the 
algebra of bounded operators on "H(P) generated by all B{x) as x varies 

This algebra is really defined only modulo Morita equivalence. 

The Hilbert spaces could all be taken to be the same. The label is there just to 
distinguish among them. 
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over P. It can be shown that A{P) has a space of primitive ideals which 
is homeomorphic to the poset P [9, 73]. We refer to [72, 73] for additional 
details and examples. 



3.5 How to Recover the Algebra Being Approximated 

In Sect. 3.3 we have described how to recover a topological space M in 
the limit, by considering a sequence of finer and finer coverings of M. We 
constructed a projective system of finitary topological spaces and continu- 
ous maps {Pi,TTij}ijeN associated with the coverings; the maps tt^ : Pj — >■ 
Pi 1 j ^ *) being continuous surjections. The limit of the system is a topo- 
logical space Poo, in which M is embedded as the subspace of closed points. 
On each point m of (the image of) M there is a fiber of ‘extra points’; the 
latter are all points of Poo which ‘cannot be separated’ by m. 

Well, from a dual point of view we get a inductive system of algebras and 
homomorphisms the maps 4>ij : Ai — f Aj , j > i, being in- 

jective homeomorphisms. The system has a unique inductive limit A°° . Each 
algebra Ai is such that Ai = Pi and is associated with Pi as described previ- 
ously, Ai = A{Pi). The map (fij is a ‘suitable pullback’ of the corresponding 
surjection tt^ . The limit space Poo is the structure space of the limit algebra 
Poo = A°°. And, finally the algebra C{M) of continuous functions on 
M can be identified with the center of A °° . 

We also get a inductive system of Hilbert spaces together with isometries 
{Pi, TiilipGN; the maps Tij : Hi — >■ Hj , j > i, being injective isometries onto 
the image. The system has a unique inductive limit H°° . Each Hilbert space 
Hi is associated with the space Pi as in (3.101), Hi — H{Pi), the algebra 
Ai being the corresponding subalgebra of bounded operators. The maps Tij 
are constructed out of the corresponding ipij . The limit Hilbert space H°° is 
associated with the space Poo as in (3.101), H°° — P(Poo), the algebra A°° 
again being the corresponding subalgebra of bounded operators. And, finally, 
the Hilbert space Lf{M) of square integrable functions is ‘contained’ in 
: H°° = L'^{M) ©q, Ha, the sum being on the ‘extra points’ in Poo- 

All of the previous is described in great details in [12]. Here we only make 
a few additional remarks. By improving the approximation (by increasing 
the number of ‘detectors’) one gets a noncommutative lattice whose Hasse 
diagram has a bigger number of points and links. The associated Hilbert 
space gets ‘more refined’ : one may think of a unique (and the same) Hilbert 
space which is being refined while being split by means of tensor products 
and direct sums. In the limit the information is enough to recover completely 
the Hilbert space (in fact, to recover more than it). Further considerations 
along these lines and possible applications to quantum mechanics will have 
to await another occasion. 
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3.6 Operator Valued Functions 
on Noncommutative Lattices 

Much in the same way as it happens for the commutative algebras described 
in Sect. 2.2, elements of a noncommutative (7*-algebra whose primitive spec- 
trum PrimA is a noncommutative lattice can be realized as operator-valued 
functions on PrimA. The value of a G M at the ‘point’ I G PrimA is just 
the image of a under the representation ttx associated with I and such that 
ker(Trx) = I, 



a{T) = 7Tx(a) ~ ajX , 'i a G A, I G PrimA . 



(3.105) 



All this is shown pictorially in Figs. 



3.17, 3.18 and 3.19 for the V lattice. 



a = XiPi + ki2 + X 2 P 2 




Fig. 3.17. A function over the lattice \J 



a = A"P3,12 + ^34,1 -f ks4,2 + PPa ,12 



AP 342 + ^34,1 + fjp4,12 




Fig. 3.18. A function over the lattice P 4 {S^) 



a circle lattice and the lattice Y of Fig. 3.15, respectively. As it is evident in 
those Figures, the values of a function at points which cannot be separated 
by the topology differ by a compact operator. This is an illustration of the 
fact that compact operators play the role of ‘infinitesimals’ as we shall discuss 
at length in Sect. 6.1. Furthermore, while in Figs. 3.17 and 3.18 we have only 
‘infinitesimals of first order’, for the three level lattice of Fig. 3.19 we have 
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a — AP321 + ^34,2 ® V2I + ^34 ,21 + fj‘T’421 




Fig. 3.19. A function over the lattice Y 



both infinitesimals of first order, like fc 34 2 , and infinitesimals of second order, 
like fc 34 , 2 i- 

In fact, as we shall see in Sect. 4.2, the correct way of thinking of any 
noncommutative C*-algebra A is as the module of sections of the ‘rank one 
trivial vector bundle’ over the associated noncommutative space. For the kind 
of noncommutative lattices we are interested in, it is possible to explicitly 
construct the bundle over the lattice. Such bundles are examples of bundles 
of C* -algebras [67], the fiber over any point I € PrimA being just the 
algebra of bounded operators 7 Tx(-4 ) C with Hx the representation 

space. The Hilbert space and the algebra are given explicitly by the Hilbert 
space in (3.102) and the algebra in (3.104) respectively, by taking for x the 
point It is also possible to endow the total space with a topology in such 
a manner that elements of A are realized as continuous sections. Figure 3.20 
shows the trivial bundle over the lattice ^ 4 ( 6 '^). 




Fig. 3.20. The fibers of the trivial bundle over the lattice P 4 (S'^) 
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At the same time, one is also constructing a bundle of Hilbert spaces. 




4 Modules as Bundles 



The algebraic analogue of vector bundles has its origin in the fact that a 
vector bundle E ^ M over a manifold M is completely characterized by 
the space S = E{E, M) of its smooth sections. In this context, the space 
of sections is thought of as a (right) module over the algebra C°°{M) of 
smooth functions over M. Indeed, by the Serre-Swan theorem [143], locally 
trivial, finite-dimensional complex vector bundles over a compact Hausdorff 
space M correspond canonically to finite projective modules over the algebra 
A = To the vector bundle E one associates the C°°(M) -module 

S = r{M,E) of smooth sections of E. Conversely, if f is a finite projective 
module over the fiber Em of the associated bundle E over the point 

m G M is 

Em = £/£Im , (4.1) 

where the ideal Im C C{M), corresponding to the point m G M, is given by 

Im = ker{Xm : C°°{M) -G C | XmU) = f{rn)} 

= {/gC“(M) I /(m)=0} . (4.2) 

However, given a noncommutative algebra A, playing the role of the alge- 
bra of smooth functions on some noncommutative space, one has more than 
one possibility for the analogue of a vector bundle. The possible relevant 
categories seem to be the following ones [61], 

1. left or right ^-modules; 

2. ^-bimodules of a particular kind (see later); 

3. modules over the center Z{A) of A. 

We shall start by describing right (and left) projective modules of finite type 
(or finite projective modules) over A. These classes of modules provide suit- 
able substitutes for the analogue of complex vector bundles, although one 
has to introduce additional structures in order to consider tensor products. 
Hermitian vector bundles, namely bundles with a Hermitian structure, cor- 
respond to projective modules of finite type £ endowed with an ^-valued 

^ In fact, in [143] the correspondence is stated in the continuous category, meaning 
for functions and sections which are continuous. However, it can be extended to 
the smooth case, see [33]. 
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sesquilinear form. For A a (7*-algebra, the appropriate notion is that of 
Hilbert module that we describe at length in App. A. 3. 

We start with some machinery from the theory of modules which we take 
mainly from [21]. 



4.1 Modules 

Definition 5. Suppose we are given an algebra A over (say) the complex 
numbers C. A vector space £ over C is also a right module over A if it 
carries a right representation of A, 

£ X A^ {r],a) rja € £ , r]{ab) = (qafb , 

77(0 + b) = rja + r]b , 

{rj + ^)a = rja + , (4.3) 



for any rjA & £ and a, 6 S A . 



Definition 6. Given two right A-modules £ and T , a morphism of £ into T 
is any linear map p \ £ ^ T which in addition is A-linear, 

p{r]a) = p{r])a , W rj G £, a G A . (4.4) 

A left module and a morphism of left modules are defined in a similar way. 
In general, a right module structure and a left module one should be taken 
to be distinct. 

A bimodule over the algebra A is a vector space £ which carries both 
a left and a right A-module structure. Furthermore, the two structures are 
required to be compatible, namely 

(077)6 = 0(776) , \/ rj G £ , a,b ^ -A ■ (4-5) 

Given a right A-module £, its dual £' is defined as the collection of all 
morphisms from £ into A, 

£' = Homj^{£,A) =\ {4> \ £ ^ A \ (fipa) = (f>{ri)a , p G £, a G A} . (4.6) 

By using the canonical bimodule structure of A, the collection £' is endowed 
with a natural left A-module structure, 

A X £' 3 {a, ()) 1 -^ a ■ (f G £' , a - 4>{p) =: a{4>{p)) , (4.7) 

for o G A , 4> G £' , p G £. Left analogues of the requirements (4.3) are easily 
proven. 
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For any algebra A, the opposite algebra A° has elements a° in bijective 
correspondence with the elements a € A while multiplication is given by 
a°b° = (ba)°. Any right (respectively left) A-module £ can be regarded as a 
left (respectively right) A°-module by setting a°p = rja (respectively aij = 
rja°), for any p £ £,a £ A. The algebra A® =: A(SicA° is called the enveloping 
algebra of A. Any A-bimodule £ can be regarded as a right A®-module by 
setting 77(0 0 b°) = bija, for any r] £ £,a £ A,b° & A°. One can also regard £ 
as a left A® -module by setting {a®b°)rj = apb, for any r] £ £, a £ A, b° & A°. 

If Z{A) is the center of A, one can define module structures exactly as 
before with the role of A taken over by the commutative algebra Z{A). An 
A-module structure produces a similar one over Z(A), but the converse is 
clearly not true. Also, one should notice that in spite of the commutativity 
of Z{A), a right Z(A)-module structure and a left Z(A)-module structure 
should again be taken to be distinct. 

A family (e\)\(^A, with A any (finite or infinite) directed set, is called a 
generating family for the right module £ if any element of £ can be written 
(possibly in more than one way) as a combination with a\ £ A 

and such that only a finite number of terms in the sum are different from 
zero. The family (ca) agA is called free if it is made up of linearly independent 
elements (over A), and it is a basis for the module £ if it is a free gener- 
ating family, so that any rj £ £ can be written uniquely as a combination 
XagA ®AflA, with a\ G A. The module is called free if it admits a basis. 

The module £ is said to be of finite type if it is finitely generated, namely if 
it admits a generating family of finite cardinality. 

Consider now the module A =: A^ . Any of its elements 77 can be 

thought of as an A^-dimensional vector with entries in A and can be written 
uniquely as a linear combination 77 = X^i with aj £ A and the ba- 
sis {e^, j = 1 , , N} being identified with the canonical basis of C'^. This 
module is clearly both free and of finite type. 

A general free module (of finite type) might admit bases of different cardi- 
nality and so it does not make sense to talk of dimension. If the free module 
is such that any two bases have the same cardinality, the latter is called the 
dimension of the module.^ 

However, if the module £ is of finite type there is always an integer N 
and a (module) surjection p : A^ -£ £. In this case one can find a ba- 
sis {ej, j = I,...,A^} which is just the image of the free basis of A^ , 
€j = p{ej) , j = I, . . . , A^. Notice that in general it is not possible to solve the 
constraints among the basis elements so as to get a free basis. For example, 
consider the algebra C°°{S'^) of smooth functions on the two-dimensional 
sphere 5 ^ and the Lie algebra X{S^) of smooth vector fields on S'^. Then, 

^ A sufficient condition for this to happen is the existence of a (ring) homomor- 
phism p : A — >■ D, with D any field. This is, for instance, the case if A is 
commutative (since then A admits at least a maximal ideal M and A/M is a 
field) or if A may be written as a (ring) direct sum A = C © A [22] . 
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X{S^) is a module of finite type over a basis of three elements be- 
ing given by {Yi = = 1,2,3} with xi,X 2 ,X 3 , such that 

= 1 (the Xi’s are just the natural coordinates of S'^). The basis is 
not free, since = 0; there do not exist two globally defined vector 

fields on which could serve as a basis of X{S^). Of course this is nothing 
but the statement that the tangent bundle TS^ over is non-trivial. 

4.2 Projective Modules of Finite Type 

Definition 7. A right A-module £ is said to be projective if it satisfies one 
of the following equivalent properties: 

(1.) (Lifting property.) Given a surjective homomorphism p : A4 ^ Af of right 
A-modules, any homomorphism^ : £ ^ J\f can he lifted to a homomor- 
phism X : £ -^ Ai such that po X = X, 

id: Ai ^ Ai 
At Ip 

X: £ -^ Af , poX = X . (4.8) 

i 

0 

(2.) Every surjective module morphism p : Ai ^ £ splits, namely there exists 
a module morphism s : £ ^ Ai such that po s = ids ■ 

(3.) The module £ is a direct summand of a free module, that is there exists 
a free module T and a module £' (which will then be projective as well), 
such that 

T = £®£' . (4.9) 

To prove that (1.) implies (2.) it is enough to apply (1.) to the case Af = £, 
X = ids, and identify A with the splitting map s. To prove that (2.) implies 
(3.) one first observes that (2.) implies that £ is & direct summand of JA 
through s, AA = s{£) © kerp. Also, as mentioned before, for any module £ 
it is possible to construct a surjection from a free module T , p \ T ^ £ (in 
fact T = A^ for some N). One then applies (2.) to this surjection. To prove 
that (3.) implies (1.) one observes that a free module is projective and that 
a direct sum of modules is projective if and only if any summand is. 

Suppose now that £ is both projective and of finite type with surjection 
p : A^ — >■ £■ Then, the projective properties of Definition 7 allow one to find 
a lift A : — >■ A^ such that po X = ids, 




4.2 Projective Modules of Finite Type 



63 



id : 


A^ £- 










At 


t P : 


II 

o 


(4.10) 


id : 


S - 


-G S 







We can then construct an idempotent p £ Endy^A^ ~ Mat(^), Mjv(^) being 
the algebra of N x N matrices with entries in A, given by 

p= Xo p . (4.11) 

Indeed, from (4.10), p^ = \ o p o \ o p = Xo p = p. The idempotent p allows 
one to decompose the free module A^ as a direct sum of submodules, 

A^ = pA^ ® {I - p)A^ (4.12) 

and in this way p and A are isomorphisms (one the inverse of the other) 
between S and pA^ . The module S is then projective of finite type over A 
if and only if there exits an idempotent p € Mat(^), p^ = p , such that 
S = pA^ ■ We may think of elements of S as A^-dimensional column vectors 
whose elements are in A, the collection of which are invariant under the action 
of p, 

f = U = (a,---,?iv) ; pC = a ■ (4.13) 

In the what follows, we shall use the term finite projective to mean projective 
of finite type. 

The crucial link between finite projective modules and vector bundles 
is provided by the following central result which is named after Serre and 
Swan [143] (see also [152]). As mentioned before, the Serre-Swan theorem was 
established for functions and sections which are continuous; it can however, 
be extended to the smooth case [33]. 

Proposition 21. Let M he a compact finite dimensional manifold. A 
C°°{M)-module S is isomorphic to a module E{E,M) of smooth sections 
of a bundle E — >■ M , if and only if it is finite projective. 

Proof. We first prove that a module E{E, M) of sections is finite projective. 
If if ~ M X is the rank k trivial vector bundle, then E{E,M) is just 
the free module A being the algebra C°°{M). In general, from what was 
said before, one has to construct two maps A : E{E,M) — >• A^ (this was 
called A before), and p : A^ — >■ E{E,M),N being a suitable integer, such 
that p o X = idr{E,M)- Then E{E, M) = pA^ , with the idempotent p given 
by p = Xo p. Let {Ui,i = 1, • • • , q} be an open covering of M. Any element 
s G r{E,M) can be represented by q smooth maps Si = S|[/. : Ui — >■ C^, 
which satisfy the compatibility conditions 

Sj{m) = ''^gji{m)si{m) , m £ UitlUj , 

3 



(4.14) 




64 



4 Modules as Bundles 



with gji : UiDUj — >■ GL{k, C) the transition functions of the bundle. Consider 
now a partition of unity {hi, ,i = ‘ ‘ subordinate to the covering {Ui}. 

By a suitable rescaling we can always assume that + ■ ■ ■ + = 1 so that 

h'j is a partition of unity subordinate to {Ui} as well. Now set N = kq, write 
= C* © • • • © (g summands), and define 

X: r{E,M) ^ , 

* * * 7 Sg) — . {h±Sl, * * * , hqSq) , 



p-.A^^ r{E, M) ■ 

Pi^lt ■ ■ ■ , tq) —■ (^1) ■ ■ ■ ) tq) ; ti — 'y ' ■ (4-15) 

3 

Then 

poA(si,---,Sg) = (si,---,Sg) , 'si = ^9ijh'^jSj , (4.16) 

3 

which, since {h^} is a partition of unity, amounts to po A = idr{E,M)- 

Conversely, suppose that is a finite projective C°°(M)-module. Then, 
with A = C°°{M), one can find an integer N and an idempotent p G Mat(AI), 
such that S = pA^ . Now, A^ can be identified with the module of sections 
of the trivial bundle M x C'^, A^ ~ T(M x C^). Since p is a module map, 
one has that p{sf) = p{s)f, f G C°°{M). If to G M and is the ideal 
= {/ G C°°{M) I /(to) = 0}, then p preserves the submodule A^Im- 
Since s i— s{m) induces a linear isomorphism of A^ / A^Xm onto the fiber 
(MxC^)jn, we have that p(s)(m) G (MxC'^)m for all s G A^ . Then the map 
TT : M X -G M X C^, s(to) i— >■ p(s)(to), defines a bundle homomorphism 
satisfying p{s) = tt o s. Since p^ = p, one has that = tt. Suppose now 
that dim tt{{M x C^)m) = k. Then one can find k linearly independent 
smooth local sections Sj G A^ , j = 1, ■ ■ ■ ,k, near m G M, such that 
7T o Sj{m) = Sj(m). Then, tt o Sj, j = 1, - ■ ■ ,k are linearly independent in a 
neighborhood U of to, so that dim 7t((M x C^)^') > k, for any to' G U. 
Similarly, by considering the idempotent (1 — tt) : M x -g M x , one 
gets that dim (1 — 7t)((M x C^)m') > N — k, for any to' G U. The integer 
N being constant, one infers that dim tt{{M x C^)m') is (locally) constant, 
so that 7 t(M X C^) is the total space of a vector bundle E ^ M which is 
such that M x = E (B ker tt. From the way the bundle E is constructed, 
the module of its sections is given by E{E, M) = {tto s | s G E{M x C^)} = 
/ to{p : A^ -G A^} = £. 

If if is a (complex) vector bundle over a compact manifold M of dimension 
n, there exists a finite cover {[/ , i = 1, • • • , n} of M such that E\^ is trivial 
[95]. Thus, the integer N which determines the rank of the trivial bundle, 
from whose sections one projects onto the sections of the bundle E — >■ M, is 
determined by the equality N = kn where k is the rank of the bundle E ^ M 
and n is the dimension of M. 
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4.3 Hermitian Structures over Projective Modules 

Suppose the vector bundle E ^ M is also endowed with a Hermitian struc- 
ture. Then, the Hermitian inner product (•, -)^ on each fiber Em of the bundle 
gives a C°°(M)-valued sesquilinear map on the module E{E,M) of smooth 
sections, 



(•,•) : S X S ^ C^{M) , 

im,m) (m) =: (r]i{m),ri 2 {m))^ , V ?7i, 772 G T(£;, M) . (4.17) 

For any 771,772 G E{E,M) and a, & G C°°{M), the map (4.17) is easily seen 
to satisfy the following properties. 



( 7710 , 7726 ) = a* ( 771 , 772 ) b , 


(4.18) 


{m,V2)* = iv2,m) , 


(4.19) 


, (? 7 , 77 ) = 0 44 > 77 = 0 . 


(4.20) 



Suppose now that we have a (finite projective right) module £ over an 
algebra A with involution *. Then, equations (4.19)-(4.20) are just the defi- 
nition of a Hermitian structure over £, a module being called Hermitian if it 
admits a Hermitian structure. We recall that an element a G .4 is said to be 
positive if it can be written in the form a = b*b for some b £ A. 

A condition for non degeneracy of a Hermitian structure is expressed in terms 
of the dual module 



£' = {(j) : £ -^ A I <(>( 770 ) = (f){ri)a , rj G £,a € A} , (4.21) 

to which, A being a *-algebra, we give a right A-module structure as follows, 

£' X A ^ {(j), a) ^ (j) ■ a =: a* ■ (j) G £' , {<j) ■ a){r]) =: a*{4>(ri)) , (4.22) 

for a G A , (j) G £' , r] G £. Notice that the previous structure is different 
from the left structure we have defined on £' in (4.7) (we should indeed use 
distinct notations, but in what follows we shall use only this right structure 
over £'l). A condition for non degeneracy could equivalently be defined in 
terms of the left structure on £'. 

We have the following definition. 

Definition 8. The Hermitian structure (•,•) on the (right, finite projective) 
A-module £ is called non degenerate if the map 

£ ^ £' , ri^ {r],-) , (4.23) 



is an isomorphism. 




66 



4 Modules as Bundles 



On the free module there is a canonical Hermitian structure given by 

N 

= (4.24) 

where rj = (? 7 i, • • • , rjj^) and ■C = (?i) ’ ’ ‘ j ^n) are any two elements of . 
Under suitable regularity conditions on the algebra A all Hermitian structures 
on a given finite projective module £ over A are isomorphic to each other and 
are obtained from the canonical structure (4.24) on A^ by restriction. We 
refer to [34] for additional considerations and details on this point. Moreover, 
if £ = pA^ , then p is self-adjoint.^ Indeed we have the following proposition 

Proposition 22. Hermitian finite projective modules are of the form pA^ 
with p a self-adjoint idempotent, p* = p, the * operation being the composition 
of the * operation in the algebra A with the usual matrix transposition. 

Proof. With respect to the canonical structure (4.24), one easily finds that 
= i^jPV) for any matrix p G Mat(M). Now suppose that p is an 
idempotent and consider the module £ = pA^ . The orthogonal space 

£^ =: {u G A^ I {u,r]) = 0 , y r] e £} (4-25) 

is again a right M-module since {ua,rj) = a* {u,rj). If u G A^ and rj G £, 
then ((1 — p*)u,rf) = (u, (I — p)rj) = 0 which states that £^ = (I — p*)A^ . 
On the other hand, since A^ = pA^ © (I — p)A^ , the pairing (•, •) on A^ 
gives a Hermitian structure on £ = pA^ if and only if this is an orthogonal 
direct sum, that is, if and only if (1 — p*) = (1 — p) or p = p*. 



4.4 The Algebra of Endomorphisms of a Module 

Suppose we are given a Hermitian finite projective A-module £ = pA^ . The 
algebra of endomorphisms of £ is defined by 

Endj\{£) = {4> -. £ ^ £ \ 4>{ria) = fiirfja , p G £ , a G A} . (4.26) 

It is clearly an algebra under composition. It also admits a natural involution 
* : Endj^,{£) -G Endji,{£) determined by"* 

0 =: (r,, TO , V T G Endj^{£) , ■ (4-27) 

^ Self-adjoint idempotents are also called projectors. 

^ We are being a bit sloppy here. An endomorphism of a module need not admit 
an adjoint. For a detailed discussion we refer to App. A. 3 and in particular to 
Definition 29. In fact, one considers only endomorphisms admitting an adjoint 
and EndA{£) denotes the algebra of all such endomorphisms. 
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With this involution, there is an isomorphism 

EndA{£) — pM.pf{A)p , (4.28) 

so that, elements of EndA{£) are matrices m G Mat(^) which commute with 
the idempotent p, pm = mp. 

The group U{£) of unitary endomorphisms of £ is the subgroup of 
EndA{£) given by 

U{£) = {u G EndA{£) I uu* = u*u = 1} . (4.29) 

In particular, Um{A) =: U{A^) = {u G Mat(^) | uu* = u*u = 1} . Also, 
there is an isomorphism Un{C°°{M)) ~ C°°{M,U{N)), with M a smooth 
manifold and U (N) the usual iV-dimensional unitary group. In general, if 
£ = pA^ with p* = p, one finds that U{£) = pU{A^)p. 

4.5 More Bimodules of Various Kiuds 

As alluded to before, there are situations in which one needs more than right 
(or left) modules. We mention in particular the study of ‘linear connections’, 
namely connections on the module of one-forms. As we shall see, the latter 
carries a natural bimodule structure. 

Here we briefly describe two relevant constructions which have been pro- 
posed in [65] 

Definition 9. Let £ he a bimodule over the algebra A, with Z{A) denoting 
the center of the latter. Then, £ is called a central bimodule if it happens 
that 

zr] = rjz , V z G Z{A) , rj G £ . (4.30) 

The previous definition just says that the inherited structure of a bimodule 
over the center Z(A) is induced by a structure of Z(A)-module. Indeed, if 
IF is a right (say) module over a commutative algebra C, one can induce a 
C-bimodule structure over T by defining a left action of C simply by 

cr] =: T]c , c gC ,r\ G T . (4-31) 

The commutativity of C implies that the requirement for a left structure is 
met. Thus, a central bimodule over a commutative algebra, is just a module 
with the induced bimodule structure. The category of central bimodules over 
an algebra A is stable under the operation of taking tensor products over 
Z(A) and a fortiori also over A. 

Definition 10. Let £ he a bimodule over the algebra A. Then, £ is called 
a diagonal bimodule if £ is isomorphic (as a himodule) to a sub-bimodule 
of A^ , with L = L{£) any set and A is equipped with its canonical bimodule 
structure. 
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A diagonal bimodule is central but the converse need not be true. A motiva- 
tion for the previous definition is that if A is commutative, then a diagonal 
bimodule is an A-module (with the induced bimodule structure) such that 
the canonical map from £ to its bi-dual £" is injective. The category of di- 
agonal bimodules over an algebra A is stable under the operation of taking 
tensor products over A; indeed, if £ C A^ and C A'^ , then £®j^T C A^^'^ . 

Another situation where one needs to go beyond ‘bare’ modules is when 
analyzing ‘real sections of a vector bundle’. A noncommutative analogue of 
complexified vector bundles is provided by *-bimodules [66] 

Definition 11. Let £ he a bimodule over the *-algehra A. Then, £ is a *- 
bimodule if it has an antilinear involution £ 5 ij rj* G £ , such that 

{arjb)* = b* rf a* , a,b G A , rj G £ . (4.32) 

Given a *-bimodule £, the analogues of real sections are the *-invariant ele- 
ments of £, 

£r =■■ {r] G £ \ -q* = rj} . (4.33) 

We refer to [61, 65, 66] for additional details and further discussions. 
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We have seen in the previous Section that the algebraic substitutes for bun- 
dles (of a particular kind, at least) are projective modules of finite type over 
an algebra A. The (algebraic) iti-theory of A is the natural framework for 
the analogue of bundle invariants. Indeed, both the notions of isomorphism 
and of stable isomorphism have a meaning in the context of finite projective 
(right) modules. The group Kq(A) will be the group of (stable) isomorphism 
classes of such modules. 

In this Section we shall review some of the fundamentals of the if -theory 
of C*-algebras while referring to [153, 13] for more details. In particular, we 
shall have AF algebras in mind. 



5.1 The Group Kq 

Given a unital C*-algebra A we denote by Mat(A) ~ Mat(C) 0c A the C*- 
algebra of x iV matrices with entries in A. Two projectors p,q & Mjv(A) 
are said to be equivalent (in the sense of Murray- von Neumann) if there exists 
a matrix (a partial isometry^) u € MAr(M) such that p = u*u and q = uu*. 
In order to be able to ‘add’ equivalence classes of projectors, one considers 
all finite matrix algebras over A at the same time by considering Moo (A) 
which is the non complete *-algebra obtained as the inductive limit of finite 
matrices^. 



Moo (A) = U M„(M) , 

n—1 

<t > : M„(M) ^ M„+i(M) , a ^ 0(a) = | q [] } ' (5-1) 

Now, two projectors p,q & Moo (A) are said to be equivalent, p ^ q, when 
there exists a, u £ Moo(M) such that p = u*u and q = uu*. The set V{A) of 

^ An element m in a ‘-algebra B is called a partial isometry if u*u is a projector 
(called the support projector). Then automatically uu* is a projector [153] (called 
the range projector). If B is unital and u* u = I, then u is called an isometry. 

^ The completion of M^o (A) is /C (g) A, with fC the algebra of compact operators 
on the Hilbert space h- The algebra /C (g) A is also called the stabilization of A. 



G. Landi: LNPm 51, pp. 69—81, 2002. 
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equivalence classes [ • ] is made into an abelian semigroup by defining an 
addition, 

b] + [<?]=:[{oq}]. (5.2) 

The additive identity is just 0 =: [0]. 

The group K(f{A) is the universal canonical group (also called the enveloping 
or Grothendieck group) associated with the abelian semigroup V {A) . It may 
be defined as a collection of equivalence classes, 

Kq{A)=-.V{A)xV{A)/ ^ , 

{[p],[q]) ^ {[p'],[q']) 

^ 3[r\^V{A) s.t. [p] + [q] + [r] = [p] + [q] + [r] . (5.3) 

It is straightforward to check refiexivity, symmetry and transitivity, the ex- 
tra [r] in (5.3) being inserted just to get the latter property. Thus ~ is an 
equivalence relation. The presence of the extra [r] is the reason why one is 
only classifying stable classes. 

The addition in Kq{A) is defined by 

[(W, [<?])] + Kb'], b'])] =: [(b] + b'], b] + b'])] , (5.4) 

for any [([p], [g])], [(bK, [b])j G Ko{A), and does not depend on the represen- 
tatives. As for the neutral element, it is given by the class 

o = [(b],b])] , (5.5) 

for any [p] G V(A). Indeed, all such elements are equivalent. Finally, the 
inverse — [([p], [?])] the class [([p], [g])] is given by the class 

-[(b],b])]=:[(b],b])], (5.6) 

since, 

[(b], b])] + (-[(b], b])]) = Kb], b])] + (Kb], b])]) = [(b] + b], b] + b])] = o . 

(5.7) 

From all that has been previously said, it is clear that it is useful to think of 
the class [([p], [g])] G Ko{A) as a, formal difference [p] — [g]. 

There is a natural homomorphism 

KA ■■ V (A) ^ Ko{A) , K^([p]) =: ([p], [0]) = [p] - [0] . (5.8) 

However, this map is injective if and only if the addition in V (A) has cancel- 
lations, namely if and only if [p] -|- [r] = [g] -|- [r] [p] = [g]. Independently of 

the fact that V{A) has cancellations, any K^([p]), b] G V{A), has an inverse 
in Kq{A) and any element of the latter group can be written as a difference 
ka{[p\) - KA{[q]), with [p], [g] G V{A). 
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While for a generic A, the semigroup V{A) has no cancellations, for AF 
algebras this happens to be the case. By defining 

K^+{A) =: ka{V{A)) , (5.9) 

the couple (Ko{A) , Ko+{A)) becomes, for an AF algebra A, an ordered group 
with ATo+(A) the positive cone, namely one has that 

Ko+{A) 9 0 , 

Ko+{A) - Ko+{A) = Ko{A) , 

Ko+{A)ni-Ko+{A)) = 0 . (5.10) 

For a generic algebra the last property is not true and, as a consequence, the 
couple (Ko{A) , Ko+{A)) is not an ordered group. 

Example 12. The group Ko{A) for A = A = Mfc(C), A: G N 
and A = (C) © M^' (C) , k,k' gN. 

If A = C, any element in V (A) is a class of equivalent projectors in some 
M„(C). Now, projectors in M„(C) are equivalent precisely when their ranges, 
which are subspaces o/C”, have the same dimension. Therefore we can make 
the identification 

y(C)~N, (5.11) 

with N = {0, 1, 2, • • •} the semigroup of natural numbers. 

As M„(Mfc(C)) ~ M„fc(C), the same argument gives 

E(Mfc(C))~N. (5.12) 

The canonical group associated with the semigroup N is just the group Z of 
integers, and we have 

Ko{C) = Z, iFo+(C)=N, 
iFo(Mfc(C)) = Z,iFo+(Mfc(C))=N, VfceN. 

For A = Mfc(C) © Mfe/(C), the same argument for each of the two 
the direct sum will give 

Aro(Mfe(C) © Mfc.(C)) = Z © Z , 

Aro+(Mfc(C)©Mfc/(C)) = N©N , yk,k'GN. 



(5.13) 
terms in 



(5.14) 

(5.15) 



In general, the group Kq has a few interesting properties, notably universality. 
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Proposition 23. Let G he an abelian group and <P : V (A) G he a homo- 

morphism of semigroups such that '!>{V{A)) is invertible in G. 

Then, extends uniquely to a homomorphism T : Kq{A) — >■ G, 

T> : V{A) G 

fT , Toka = <P. (5.16) 

id : Ko{A) ^ Ko{A) 

Proof. First uniqueness. 

If T'i,T '2 : Ko{A) -)> G both extend <P, then T'i{[{[p], [g])]) = Ti^lp] - [g]) = 
'1'i{ka{[p])) - ^i(k^([<?])) = ^(bD - <^(M) = ^' 2 ([(b], M)]), which proves 
uniqueness. 

Then existence. 

Define T : Ko{A) — >■ G by tf'([(b], [g])]) = <P{[p\) — ^([g]). This map 
is well defined because d>{[q\) has an inverse in G and because ([p],[g]) ~ 
(b'], [b]) 3 [r] G V{A) such that b] + [b] + b] = \p'] + [q] + b]> this 

in turn, implies iF([(b], [?])]) = ^([(bb [b])])- Finally, is a homomorphism 
and T^kaUp]) = [0])D = ^(bD. i-®- Tok^ = T>. 

The group Kq is well behaved with respect to homomorphisms.^ 

Proposition 24. If a : A^ B is a homomorphism of G* -algebras, then the 
induced map 

a* :V{A) ^ V{B) , a*([aij]) =: [a{a^j)] , (5.17) 

is a well defined homomorphism of semigroups. Moreover, from universality, 
a* extends to a group homomorphism (denoted by the same symbol) 

a* = Ko{A) Ko{B) . (5.18) 

Proof. If the matrix (a^) G Moo (.4) is a projector, the matrix a{aij) will 

clearly be a projector in Moo(iB) since a is a homomorphism. Furthermore, 
if (ttij) is equivalent to (bij), then, since a is multiplicative and *-preserving, 
a{aij) will be equivalent to a{bij). Thus a* : V{A) — >■ V{B) is well defined 
and clearly a homomorphism. The last statement follows from Proposition 23 
with the identification ^ = Kg o a* : V{A) — >■ Kq{B) so as to get for <F the 
map = a, : Kq{A) — >■ Kq{B). 

The group Kq is also well behaved with respect to the process of taking 
inductive limits of G*-algebras, as stated in the following proposition which 
is proven in [153] and which is crucial for the calculation of the group Kq of 
AF algebras. 

® In a more sophisticated parlance, Kg is a covariant functor from the category of 
G*-algebras to the category of abelian groups. 
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Proposition 25. If the C* -algebra A is the inductive limit of an inductive 
system of C* -algebras'^ , then {K[){Ai),d>ijA\i,j&i is an induc- 

tive system of groups and one can exchange the limits, 

Kq{A) = K^ilimAi) = limATo(A) • (5.19) 

Moreover, if A is an AF algebra, then K(f{A) is an ordered group with the 
positive cone given by the limit of an inductive system of semigroups 

Ko+{A) = Ko+{limA,) = limKo+{A,) . (5.20) 

One has that as sets, 

d^o{A) = {(/tn)neN An G K()(^AA \ , kn-\-l — Tnifkn) j > .^o} j 

(5.21) 

d^0-\-{A) = {(^n)neN tkn G A"o+(^n) | , kn+1 = ^n(^n) j > .^o} ? 

(5.22) 

while the (abelian) group/semigroup structure is inherited pointwise from the 
addition in the groups/semigroups in the sequences (5.21), (5.22) respectively. 



5.2 The 1^-Theory of the Penrose Tiling 

The algebra Apt of the Penrose Tiling is an AF algebra which is quite far 
from being postliminal, since there are an infinite number of non equivalent 
irreducible representations which are faithful. These have the same kernel, 
namely {0}, which is the only primitive ideal (the algebra Apt is indeed 
simple). The construction of its AT-theory is rather straightforward and quite 
illuminating. The corresponding Bratteli diagram is shown in Fig. 5.1 [34]. 
From Props. (17) and (18) it is clear that {0} is the only primitive ideal. 

At each level, the algebra is given by 

An = Md„ (C) © (C) , n > 1 , (5.23) 

with inclusion 

. . r A 0 0 1 

-T An+i , (5-24) 

for any A £ M^„ (C) , B £ (C) . This gives for the dimensions the follow- 

ing recursive relations, 

^ In fact, one could substitute N with any directed set A. 
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Fig. 5.1. The Bratteli diagram for the algebra Apt of the Penrose tiling 

dn+l =dn + d'^, „ > 1 ^ ^ 1 , (5,25) 

rf„+l =dn , - 

From what we said in Example 12, after the second level, the AT-groups 
are given by 

AToM„) =Z©Z , Ko+{An) = 'M®N , n>l. (5.26) 

The group {Ko{A) , Ko+{A)) is obtained, by Proposition 25, as the induc- 
tive limit of the sequence of groups/semigroups 

Ko{Ai) ^ Ko{A 2) KoiAs) -r • • • (5.27) 

Ko+{Ai) ^ Koj^{A2) ^ Kqj^{Az) ^ • (5.28) 

The inclusions 

Tn '■ Ko{An) ^ -ffo(-4„+i) , T„ : KQ^{An) Ko-\-{An+l) ^ (5.29) 

are easily obtained from the inclusions /„ in (5.24), being indeed the corre- 
sponding induced maps as in (5.18) T„ = J„*. To construct the maps T„ we 
need the following proposition, the first part of which is just Proposition 15 
which we repeat here for clarity. 



Proposition 26 . Let A and B be the direct sum of two matrix algebras, 

A = Mp, (C) © Mp, (C) , B = Mq, (C) © M,, (C) . (5.30) 
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Then, any (unital) homomorphism a : A ^ B can he written as the direct 
sum of the representations aj : A ^ M,^(C) ~ j = 1,2. If nji 

is the unique irreducible representation o/Mp^(C) in B{^A^), then aj breaks 
into a direct sum of the Tiji . Furthermore, let Nji be the non-negative integers 
denoting the multiplicity ofnji in this sum. Then the induced homomorphism. 
Of* = Kq{A) — f Kq{B), is given by the 2x2 matrix (Nij). 

Proof. For the first part just refer to Proposition 15. 

Furthermore, given a rank k projector in Mp^(C), the representation aj sends 
it to a rank NjA projector in (C). This proves the final statement of the 
proposition. 

For the inclusion (26), Proposition 26 gives immediately that the maps 
(5.29) are both represented by the integer valued matrix 



T = 




(5.31) 



for any level n. The action of the matrix (5.31) can be represented pictorially 
as in Fig. 5.2 where the couples (a, b), (o', b') are both in Z © Z or N © N. 




Fig. 5.2. The action of the inclusion T 



Finally, we can construct the Kq group. 

Proposition 27. The group {Ko{Apt) , Ko-ei-^PT)) for the C* -algebra Apr 
of the Penrose tiling is given by 



Ko{Apt) = ’^®^ , (5.32) 

Ko+{Apt) = {(«, 6) G Z © Z : — a + 6 > 0} . (5.33) 

Proof. The result (5.32) follows immediately from the fact that the matrix T 
in (5.31) is invertible over the integers, its inverse being 



T 



-1 



0 1 
1 -1 



(5.34) 
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Now, from the definition of inductive limit we have that, 

Kq{Apt) = {(fcn)neN An £ K^An) \ 3-/Vq An+l = T{kn) , U > A^o}- 

(5.35) 

Since T is a bijection, for any fc„+i £ KAAn+i), there exists a unique 
kn £ Ko{An) such that fc„+i = Tfc„. Thus, Kq{Apt) = ATo(-4„) = Z © Z. 

As for (5.33), since T is not invertible over N, ATo+(AIpt) yf N © N. To 
construct A1 o+(-4pt), we study the image T{Ko+{An)) in Ko+{An+i) ■ It is 
easily found to be 

T{Kop(An)) = {(on+l, &n+l) £ N © N : a„+l > ^n+l} 

^ Ko+{An+i) ■ (5.36) 

Now, T being injective, T(A'o+(-4„)) = T(N © N) ~ N © N. The inclusion of 
T{Kop{An)) into Kop{An+i) is shown in Fig. 5.3. By identifying the subset 
r(ATo+(A„)) C A1 o+(-A„+i) with A1 o+(A„), we can think of T“1 (ATo+(A„+i)) 
as a subset of Z©Z and of T~^{KQp{An)) as the standard positive cone N©N. 
The result is shown in Fig. 5.4. The next iteration, namely T“^(A'o+(A„)) is 
shown in Fig. 5.5. From definition (5.22), by going to the limit we shall have 
A'o+(Apt) = limm_>oo T“'"(N © N) and the limit will be a subset of Z © Z 
since T is invertible only over Z. The limit can be easily found. From the 
defining relation 

= Fjn + Fjn-i, m > 1 , (5.37) 

for the Fibonacci numbers, with Fq = 0, Fi = 1, it follows that 

T-™ = (-1)™ I \ . (5.38) 

^ m-\-l J 

Therefore, takes the positive axis {(a, 0) : a > 0} to a half-line of slope 
—Fra/ Fm-i, and the positive axis {(0,6) : 6 > 0} to a half-line of slope 
—Fm+i/Fm- Thus the positive cone N © N opens into a fan-shaped wedge 
which is bordered by these two half- lines. Any integer coordinate point within 
the wedge comes from an integer coordinate point in the original positive 
cone. Since limm->.oo Fm+i/Fm = , the limit cone is just the half-space 

{(a, 6) £ Z©Z : ^+^~^ q+ 6 > 0} . Every integer coordinate point in it belongs 
to some intermediate wedge and so it lies in ATo+(-4pt)- The latter is shown 
in Fig. 5.6. 

We refer to [72] for an extensive study of the Ff-theory of noncommutative 
lattices and for several examples of AT-groups. 
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Fig. 5.6. The semigroup Kq+[Apt) for the algebra of the Penrose tiling 



5.3 Higher-Order 1^-Groups 

In order to define higher order groups, one needs to introduce the notion of 
suspension of a C*-algebra A: it is the C^-algebra 

SA=: A 0 CoW ~ Co(M -T .4) , (5.39) 

where Cq indicates continuous functions vanishing at infinity. Also, in the 
second object, sum and product are defined pointwise, adjoint is the adjoint 
in A and the norm is the supremum norm ||/||s _4 = sup,j,gR ||/(a^)||_ 4 - 
The AT-group of order n of A is defined to be 

K„{A) =: Ko(S^A) , n G N . (5.40) 

However, the Bott periodicity theorem asserts that all AT-groups are isomor- 
phic to either Kq or ATi, so that there are really only two such groups. There 
are indeed the following isomorphisms [153] 
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K2n{A) - K^{A) , 

K2n+i{A) ~ Ki{A) , VnGN. (5.41) 

Again, AF algebras show characteristic features. Indeed, for them K\ 
vanishes identically. 

While AT-theory provides analogues of topological invariants for algebras, 
cyclic cohomology provides analogues of differential geometric invariants. K- 
theory and cohomology are connected by the noncommutative Chern char- 
acter in a beautiful generalization of the usual (commutative) situation [34] . 
We regret that all this goes beyond the scope of the present notes. 

As mentioned in Sect. 3.4.2, AT-theory has been proven [70] to be a com- 
plete invariant which distinguishes among AF algebras if one add to the 
ordered group (ATo(A), ATo+(A)) the notion of scale, the latter being defined 
for any C'*-algebra A as 

UA ='■ {[p] , p a projector in A} . (5.42) 

AF algebras are completely determined, up to isomorphism, by their scaled 
ordered groups, namely by the triples (ATq, ATo+, S). The key to this is the fact 
that scale preserving isomorphisms between the ordered groups (A'q, ATo+, A) 
of two AF algebras are nothing but AT-theoretically induced maps (5.18) of 
isomorphisms between the AF algebras themselves. 




6 The Spectral Calculus 



In this section we shall introduce the machinery of spectral calculus which is 
the noncommutative generalization of the usual calculus on a manifold. As 
we shall see, a crucial role is played by the Dixmier trace. 



6.1 Infinitesimals 

Before we proceed to illustrate Connes’ theory of infinitesimals, we need a 
few additional facts about compact operators which we take from [135, 139] 
and state as propositions. The algebra of compact operators on the Hilbert 
space % will be denoted by 1C{'H) while B{%) will be the algebra of bounded 
operators. 

Proposition 28. LetT he a compact operator onH. Then, its spectrum cr(T) 
is a discrete set having no limit points except perhaps A = 0. Furthermore, 
any nonzero A G cr(T) is an eigenvalue of finite multiplicity. 

Notice that a generic compact operator needs not admit any nonzero eigen- 
value. 

Proposition 29. LetT he a self-adjoint compact operator onTL. Then, there 
is a complete orthonormal basis, {</>n}neN> for TL of eigenvectors, so that 
T(j)„ = Xnfin and A„ — >■ 0 as n — >■ oo. 



Proposition 30. Let T he a compact operator onTL. Then, it has a uniformly 
convergent (i.e. convergent in norm) expansion 

T=Y,Tu{T)\f^u){K\ , ( 6 . 1 ) 

n>0 



where, 0 < /ij+i < pij, and {V’njneN) {^n}nsN are (not necessarily complete) 
orthonormal sets. 

G. Landi: LNPm 51, pp. 83-103, 2002. 

© Springer- Verlag Berlin Heidelberg 2002 
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In this proposition one writes the polar decomposition T = U\T\, with |T| = 
y/T*T. Then, {iJ,n{T), fXn — >■ 0 as n — >■ oo} are the non vanishing eigenvalues of 
the (compact self-adjoint) operator \T\ arranged with repeated multiplicity; 
{4>n} are the corresponding eigenvectors and ipn = U(j)n- The eigenvalues 
{/x„(T)} are called the characteristic values of T. One has that ^io{T) = ||T||, 
the norm of T. 

Due to condition (2.38), compact operators are in a sense ‘small’; they 
play the role of infinitesimals. The size of the infinitesimal T G IClfH) is 
governed by the rate of decay of the sequence {/i„(T)} as n— >■ oo. 

Definition 12. For any a G K+, the infinitesimals of order a are all T G 
such that 



Fn{T) = 0{n “) , as n — >■ oo , 

i.e. 3 C < oo : fJLn{T) < Cn~°‘ , V n > 1 . (6-2) 

Given any two compact operators T\ and T 2 , there is a submultiplicative 
property [139] 

Fn+m(TiT2) < tin{Ti) fJ,n(T2) , (6-3) 

which, in turn, implies that the orders of infinitesimals behave well, 

Tj of order aj T1T2 of order < 01 - 1-02 • (6.4) 

Also, infinitesimals of order o form a (not closed) two-sided ideal in B{Ti.), 
since for any T G K.{%) and B G B{H), one has that [139], 

Fn{TB) < llB]] /x„(T) , 

tin{BT) < \\B\\ . (6.5) 

6.2 The Dixmier Trace 

As in ordinary differential calculus one looks for an ‘integral’ which neglects 
all infinitesimals of order > 1. This is achieved here with the Dixmier trace 
which is constructed in such a way that 

1. Infinitesimals of order 1 are in the domain of the trace. 

2. Infinitesimals of order higher than 1 have vanishing trace. 

The usual trace is not appropriate. Its domain is the two-sided ideal of 
trace class operators. For any T G the trace, defined as 

tr r=:^(T^„,U , (6.6) 



is independent of the orthonormal basis of H and is, indeed, the sum 

of eigenvalues of T. When the latter is positive and compact, one has that 
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OO 

irT=:^/r„(T) . (6.7) 

0 

In general, an infinitesimal of order 1 is not in since the only control 
on its characteristic values is that Hn{T) < , for some positive constant 

C. Moreover, contains infinitesimals of order higher than 1. However, for 
(positive) infinitesimals of order 1, the usual trace (6.7) is at most logarith- 
mically divergent since 

N-l 

Y, ^^n{T)<C In N . (6.8) 

0 

The Dixmier trace is just a way to extract the coefficient of the logarithmic 
divergence. It is somewhat surprising that this coefficient behaves as a trace 
[56]. 

We shall indicate with the ideal of compact operators which are 

infinitesimal of order 1. If T G is positive, one tries to define a positive 

functional by taking the limit of the cut-off sums, 

N-l 

lim ^ l^n(T) ■ (6.9) 

AT^oo IniV ^ ^ ^ ^ ^ ^ 

0 

There are two problems with the previous formula: its linearity and its con- 
vergence. For any compact operator T, consider the sums, 

N — 1 ('T'^ 

aM{T) = Y , 7^(T) = ^gy. (6.10) 

0 

They satisfy [34], 

CrAr(Ti -I- T 2 ) < (TAr(Ti) -I- (Jiv(72) , V Ti,T2 , 

o'2n{Ti +T 2 ) > aN{Ti) + (Tn{T2) , V Ti,T2 > 0 . (6.11) 

In turn, for any two positive operators Ti and T 2 , 

1n{T\ + T 2 ) < 7Ar(Ti) + 1n{T2) < 12n{Ti + 72)(1 -l- — — ) . (6.12) 

in iV 

From this, we see that linearity would follow from convergence. In general, 
however, the sequence {tat}, although bounded, is not convergent. Notice 
that, since the eigenvalues /i«(T) are unitary invariant, so is the sequence 
{7 at}. Therefore, one gets a unitary invariant positive trace on the positive 
part of for each linear form lim^^ on the space £°°(N) of bounded 

sequences, satisfying the following conditions: 

1. lim^{7Af} >0, if 7iv > 0 . 

2. limi,,{ 7 Ar} = lim{ 7 Ar}, if {7 at} is convergent, with lim the usual limit. 
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3. lim^{7i,7i,72,72,73,73,---} = lim^{7Af}- 
3’. limi^{ 72 Ar} = limi^{ 7 Ar}. Scale invariance. 

Dixmier proved that there exists an infinity of such scale invariant forms 
[56, 34]. Associated with any one of them there is a trace, the Dixmier trace 

N-l 

tr^T) t^n{T) , V T > 0 , T G . (6.13) 

0 

From (6.12), it also follows that tr^j is additive on positive operators, 

tr^(Ti +T 2 ) = tr^(Ti) +tr^(T2) , V Ti,T2 > 0 , G . (6.14) 

This, together with the fact that is generated by its positive part (see 

below), implies that tr^ extends by linearity to the entire with the 

properties, 

1. tr„(T)>0 ifT>0. 

2. trS{y^iTi + X 2 T 2 ) = XitVi^iTi) + X2tr^{T2). 

3. tr^{BT) = tr^TB) , V B G B{n). 

4. tri^{T) = 0 , if T is of order higher than 1. 

Property 3. follows from (6.5). The last property follows from the fact that 
the space of all infinitesimals of order higher than 1 forms a two-sided ideal 
whose elements satisfy 

/i„(T) = o( — ) , i.e. nfXniT) — >■ 0 , as n — >■ 00 . (6.15) 

n 

As a consequence, the corresponding sequence { 7 at} is convergent and con- 
verges to zero. Therefore, for such operators the Dixmier trace vanishes. 

To prove that is generated by its positive part one can use a polar 

decomposition and the fact that is an ideal. If T G by consid- 

ering the self-adjoint and anti self-adjoint parts separately one can suppose 
that T is self-adjoint. Then, T = U\T\ with |T| = and U is a sign op- 
erator, = U; from this |T| = UT and |T| G Furthermore, one has 

the decomposition [/ = [/+ — [/_ with U± = |(I ± [/) its spectral projec- 
tors (projectors on the eigenspaces with eigenvalue -1-1 and —1 respectively). 
Therefore, T = U\T\ = U+\T\ - U-\T\ = U+\T\U+ - U-\T\U- is a difference 
of two positive elements in 

In many examples of interest in physics, like Yang-Mills and gravity the- 
ories, the sequence { 7 at} itself converges. In these cases, the limit is given by 
(6.9) and does not depends on ut. 

The following examples are mainly taken from [152]. 
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Example 13. Powers of the Laplacian on the n-dimensional flat torus T". 
The operator 



A = -{ 







(6.16) 



has eigenvalues where the Ij ’s are all points of the lattice Z" taken with 

multiplicity one. Thus, |Z\|'* will have eigenvalues For the correspond- 

ing Dixmier trace, one needs to estimate {logN)~^ \\lj\\^^ as N ^ oo. 
Let Nji be the number of lattice points in the ball of radius R centered at the 
origin o/R". Then Nji ~ vol{x \ ||x|| < R} and N^-dr — IVr ~ Qnr^~^dr. 
Here 17„ = 27r"/^/E(n/2) is the area of the unit sphere S'^~^ . Thus, 



/ OO 

r^‘^{Nr-dr - Nr) 

/ OO 

. (6.17) 

On the other side, logNu ~ nlogR. As R ^ oo, we have to distinguish three 
cases. 

For s > —n!2, 

{logNn)-^ Y, 1 1^1 1"' ^ oo . (6.18) 

ii;ii<« 

For s < — n/2, 

{logNR)-^ Y ll^ll'* ^ 0 . (6.19) 

For s = — n/2, 

(w E (6.20) 



Therefore, the sequence { 7 tv(| 2 \|^)} diverges for s > —nj2, vanishes for s < 
— n/2 and converges for s = —nj2. Thus is an infinitesimal of order 

1, its trace being given by 



trU^-N) = 

n 



27t”/2 

nF{nl2) ' 



( 6 . 21 ) 



Example 14. Powers of the Laplacian on the n-dimensional sphere S'". 

The Laplacian operator A on S" has eigenvalues l{l-\-n — 1) with multiplicity 



f I -\- n\ f I -\- n — 2\ (^l -\- n — 1)!(2^ + 7t, — 1) 

V n y n )~ (n-iy.U {I -\- n - 1) ’ 



mi = 



( 6 . 22 ) 
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where I G N; in particular TOq = = n + 1. One needs to estimate, as 

N — >■ oo, the following sums 



N 



N 



log'^mi , '^mi[l{l + n-l)] . 



(6.23) 



One finds that 

N 

= 



1=0 



1=0 



N + n 
n 



1=0 



M + n — 1 
n 



1 



= —(N + n- 1)(A^ + n - 2) • • • (iV + 1)(2A^ + n) 



from which, 



Furthermore, 

N 



n\ 

2iV" 



N 



log E mi ~ logN'^ + log2 — lognl ~ nlogN . 



(6.24) 



(6.25) 



i=0 



Y + ^ y _([+n^l)^ {2l + n-l) 



N 

E 






(n — 1)! ^ [l{l + n — l)]”/2 



1=0 

N 



2 -Y 

2 n-1 






(n-1)! 



1=0 



-logN. 



(n- 1)1 

By putting the numerator and the denominator together we finally get, 



(6.26) 



trU^~Y 



N 

limN^ooCF 

i=o 



N 

l)]-"/2//o5^TOi) 

1=0 



limN- 



2logN/{n — 1)1 
‘ nlogN 



2 

nl 



(6.27) 



If one replaces the exponent — n/2 by a smaller s, the series in (6.26) becomes 
convergent and the Dixmier trace vanishes. On the other end, if s > n/2, this 
series diverges faster than the one in the denominator and the corresponding 
quotient diverges. 
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Example 15. The inverse of the harmonic oscillator. 

The Hamiltonian of the one dimensional harmonic oscillator is given (in 
‘momentum space’) by H = + x'^). It is well known that on the Hilbert 

space L^(K.) its eigenvalues are p,n{H) = n + ^ , n = 0,1,..., while its 
inverse H~^ = + has eigenvalues Hn{H~^) = 2 n+i ■ sequence 

{'yi\[{H~^)} converges and the corresponding Dixmier trace is given by (6.9), 



truj{H 



lim 



1 



Af->oo In N 



N-l 



0 



lim 

N—^oo 



1 

InJV 



N-l 



E 



2 

2n + 1 



1 . (6.28) 



6.3 Wodzicki Residue and Connes’ Trace Theorem 

The Wodzicki(-Adler-Manin-Guillemin) residue [156] is the unique trace on 
the algebra of pseudodifferential operators of any order which, on operators 
of order at most — n coincides with the corresponding Dixmier trace. Pseudo- 
differential operators are briefly described in App. A. 6. In this section we 
shall introduce the residue and the theorem by Connes [32] which establishes 
its connection with the Dixmier trace. 

Definition 13. Let M be an n-dimensional compact Riemannian manifold. 
Let T be a pseudodifferential operator of order —n acting on sections of a 
complex vector bundle E — >■ M . Its Wodzicki residue is defined by 

ReswT =: ^ [ He cr_„(T)d/r . (6.29) 

n(27T)" Js^M 

Here, ct_„(T) is the principal symbol: a matrix-valued function on T* M which 
is homogeneous of degree —n in the fibre coordinates (see App. A. 6). The 
integral is taken over the unit co-sphere 

S*M={{x,C) G T*M 1 11^11 = 1} C T*M , (6.30) 

with measure dp, = dxdf. The trace He is a matrix trace over ‘internal 
indices’.^ 

Example 16. Powers of the Laplacian on the n-dimensional flat torus T". 
The Laplacian A is a second order operator. Then, the operator is of 

order —n with principal symbol a-n{A~'”/‘^) = ” (see App. A. 6), which 

is the constant function 1 on S*T'"‘. As a consequence, 

^ It may be worth mentioning that most authors do not include the factor in 
the definition of the residue (6.29). 
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Resw^ f dxd^ 

n(27r)” Jg.T" 

n(27r)” 

27t"/2 

“ nr(n/2) ■ 



(6.31) 



T/ie result coincides with the one given by the Dixmier trace in Example 13. 



Example 17. Powers of the Laplacian on the n-dimensional sphere S'". 
Again the operator is of order —n with principal symbol the constant 

function 1 on S*S". Thus, 



SesvpZl-"/" 




n(27r) 



-12 

n. a 






27t"/2 ^ 2 

nE{n/2) n! ’ 



(6.32) 



where we have used the formula = 2“"+^7r^/^(n — 1)!. Again we 

see that the result coincides with the one in Example 14 obtained by taking 
the Dixmier trace. 



Example 18. The inverse of the one dimensional harmonic oscillator. 

The Hamiltonian is given by H = |(^^ + x^). Let us forget for the moment 
the fact that the manifold we are considering, M = K., is not compact. We 
would like to still make sense of the (Wodzicki) residue of a suitable negative 
power of H. Since H is of order 2, the first candidate would be . From 

(A. 84) its principal symbol is the function . Formula (6.29) would give 
ReswH~^^'^ = oo, a manifestation of the fact that M is not compact. On the 
other hand. Example 15 would suggest we try H~^ . But from (A. 84) we see 
that the symbol of H~^ has no term of order —1 ! It is somewhat surprising 
that the integral of the full symbol of H~^ gives an answer which coincides 
(up to a factor 2) with tr,^{H~^) evaluated in Example 15, 

Residue(il“^) = ^ f a{H~^) = — [ - — — ^ dx = 2 . (6.33) 

7s*r Jr 1 + a; 

For an explanation of the previous fact we refer to [74]. 
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As we have already mentioned, Wodzicki [156] has extended the formula 

(6.29) to a unique trace on the algebra of pseudodifferential operator of any 
order. The trace of any operator T is given by the right hand side of formula 

(6.29) , with cr_„(T) the symbol of order — n of T. In particular, one puts 
ReswT = 0 if the order of T is less than —n. For additional material we refer 
to [98, 75]. 

In the examples worked out above we have explicitly seen that the Dixmier 
trace of an operator of a suitable type coincides with the Wodzicki residue 
of the operator. That the residue coincides with the Dixmier trace for any 
pseudodifferential operators of order less or equal that — n has been shown 
by Connes [32, 34] (see also [152]). 

Proposition 31. Let M he an n dimensional eompact Riemannian manifold. 
Let T he a pseudodifferential operator of order —n acting on sections of a 
complex vector bundle E — >■ M . 

Then, 

1. The corresponding operator T on the Hilbert space H = Lf{M,E) of 
square integrable sections, belongs to 

2. The trace tr^T does not depend on to and coincides with the residue, 

tr,^T = ReswT =: ^ [ trE{(J-n{T))d^i . (6.34) 

n(27T)" Js^M 

3. The trace depends only on the conformal class of the metric on M . 

Proof. The Hilbert space on which T acts is just R = LF'{M,E), the space 
of square-integrable sections obtained as the completion of T{M,E) with re- 
spect to the scalar product (ui,U 2 ) = ulu 2 d/j,(g) , dp,{g) being the mea- 
sure associated with the Riemannian metric on M. If "Hi, 7^2 are obtained 
from two conformally related metrics, the identity operator on T(M,E) ex- 
tends to a linear map C/ : "Hi — >■ R 2 which is bounded with bounded inverse 
and which transforms T into UTU~^. Since tr^fUTU~'^) = tr,^(T), we get 
£( 1 , 00 ) (-^i) ^ £l^’°°)("H 2 ) and the Dixmier trace does not change. On the 
other side, the cosphere bundle S*M is constructed by using a metric. But 
since a-n{T) is homogeneous of degree — n in the fibre variable the multi- 
plicative term obtained by changing variables just compensates the Jacobian 
of the transformation. Thus the integral in the definition of the Wodzicki 
residue remains the same in each conformal class. 

Now, as we shall see in App. A. 6, any operator T can be written as a finite 
sum of operators of the form u 1 — (j)Tip, with <f>, if belonging to a partition of 
unity of M . Since multiplication operators are bounded on the Hilbert space 
R, the operator T will be in if and only if all operators (fTif are. 

Thus one can assume that E is the trivial bundle and M can be taken to 
be a given n-dimensional compact manifold, M = for simplicity. Now, it 
turns out that the operator T can be written as T = S'(l -I- Z\)“"/^, with A 
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the Laplacian and S a bounded operator. From Example 14, we know that 
(1 + G (the presence of the identity is irrelevant since it pro- 
duces only terms of lower degree), and this implies that T G From 

that example, we also have that for s < —n/2, the Dixmier trace of (1 -I- 
vanishes and this implies that any pseudodifferential operator on M of order 
s < —nl2 has vanishing Dixmier trace. In particular, the operator of order 
(— n — 1) whose symbol is cf{x, has vanishing Dixmier trace; as 

a consequence, the Dixmier trace of T depends only on the principal symbol 
of T. 

Now, the space of all trE{<r-n{T)) can be identified with C°°{S*M). Further- 
more, the map trE{(J-n{T)) i— >■ tr^^(T) is a continuous linear form, namely 
a distribution, on the compact manifold S* M . This distribution is positive 
due to the fact that the Dixmier trace is a positive linear functional and non- 
negative principal symbols correspond to positive operators. Since a positive 
distribution is a measure dm, we can write tr,^{T) = a-n(T)dm{x,^). 

Now, an isometry 4> : ^ S'^ will transform the symbol a-n{T){x,^) to 

a-n{T){4>{x),(j)*^), <f)* being the transpose of the Jacobian of (j), and deter- 
mines a unitary operator on "H which transforms T to U,pTU^^. Since 
the measure dm determined by tr^ is invariant under 
all isometries of S'”. In particular one can take (j) G SO{n+ 1). But S*S” is a 
homogeneous space for the action of SO(n-|- 1) and any SO(ri+ l)-invariant 
measure is proportional to the volume form on S*S". Thus 

tr,^T ~ ^ . [ trE{(J-n{T))dxd^ = ReswT . (6.35) 

n(27r)" Js^M 



From Examples 14 and 17 we see that the proportionally constant is just 1. 
This ends the proof of the proposition. 

Finally, we mention that in general there is a class Ai of elements of 
for which the Dixmier trace does not depend on the functional iv. Such oper- 
ators are called measurable and in all the relevant cases in noncommutative 
geometry one deals with measurable operators. We refer to [34] for a charac- 
terization of A4. We only mention that in such situations, the Dixmier trace 
can again be written as a residue. If T is a positive element in its com- 

plex power T'*,s G C, Ke s > 1, makes sense and is a trace class operator. 
Its trace 

OO 

as) = trT^ = J2l^n{Ty , (6.36) 

n=0 



is a holomorphic function on the half plane Re s > 1 . Connes has proven that 
for T a positive element in the limit limg_,.i+(s — l)C(s) = L exists 

if and only if 




(6.37) 
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We see that if ((s) has a simple pole at s = 1 then, the corresponding residue 
coincides with the Dixmier trace. This equality gives back Proposition 31 for 
pseudodifferential operators of order at most — n on a compact manifold of 
dimension n. 

In Sect. 10.1 we shall describe the use of such general Wodzicki residues 
in the construction of gravity theories in the framework of noncommutative 
geometry. Here we only mention that the residue has found other applications 
in physics. In [120] it has been used to compute the Schwinger terms for 
current algebras, while in [69], in the context of zeta-function regularization, 
it has been used to evaluate all residues of zeta functions C(s) and to evaluate 
the multiplicative anomaly of regularized determinants of products of pseudo 
differential operators. 



6.4 Spectral Triples 

We shall now illustrate the basic ingredient introduced by Connes to develop 
the analogue of differential calculus for noncommutative algebras. 

Definition 14. A spectral triple {A,'H,DY is given by an involutive algebra 
A of bounded operators on the Hilbert space H, together with a self-adjoint 
operator D = D* on H with the following properties. 

1. The resolvent {D — A)“^, A ^ R, is a compact operator on TL ; 

2. [D, a] =: Da — aD G B{TL), for any a G A. 

The triple is said to be even if there is a Zo grading ofTL, namely an operator 
r on H, r = r*,r^ = 1, such that 

TD-G DT = 0 , 

ra-aT = 0, VaGAl. (6.38) 

If such a grading does not exist, the triple is said to be odd. 

By the assumptions in Definition 14, the self-adjoint operator D has a real 
discrete spectrum made of eigenvalues, i.e. the collection { A„} forms a discrete 
subset of R, and each eigenvalue has finite multiplicity. Furthermore, |A„|—>- 
oo as n — >■ oo. Indeed, {D — A)“^ being compact, has characteristic values 
pLn{{D — A)“^) — >■ 0, from which |A„| = pLn{\D\) -G oo. 

In general, one could ask that condition 2. of Definition 14 be satisfied 
only for a dense subalgebra of A. 

Various degrees of regularity of elements of A are defined using D and |iA|. 
The reason for the corresponding names will be evident in the next subsec- 
tion where we shall consider the canonical triple associated with an ordinary 

The couple {H, D) is also called a K -cycle over A. 



2 
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manifold. To start with, a G A will be said to be Lipschitz if and only if the 
commutator [D, a] is bounded. As mentioned before, in general this condition 
selects a dense subalgebra of A. We recall that, iiV a % denotes the (dense) 
domain of D, the condition [D,a] G B{'H) can be expressed in one of the 
following equivalent ways [20]: 

1. The element a is in the domain of the derivation [D, ■ ] of BiTi), which 
is the generator of the 1-parameter group as of automorphism of BipH) 
given by 

cr,(T) = , T G B{U) . (6.39) 

2. For any ip,il} gT>, the sesquilinear form 

q{(p, Ip) =: {Dip, aip)u ~ {a*p, Dip)-u , (6.40) 

is bounded on T> x T>. 

3. For any p G D one has that ap G D and the commutator [D, a] is norm 
bounded on D. 

Furthermore, consider the derivation 6 on B{'H) defined by 

S{T) = [\D\,T] , TgB{U). (6.41) 

It is the generator of the 1-parameter group «« of automorphism of B{T~L) 
given by 

as{T) = . (6.42) 

Given the derivation 6, one defines the subalgebra A^ C A, with fc > 2, as 
the one generated by elements a G A such that both a and [D,a] are in the 
domain of . One could also think of A^ as being just A and of A^ as 
consisting of the Lipschitz elements. The element a G A is said to be of class 
C°° if it belongs to rifeeN“^^- 

It is worth mentioning that higher order commutators with D cannot be 
used to express higher order regularity conditions. As we shall see in the 
next Section, in the commutative situation, while [D, /] is a multiplicative 
operator and therefore is bounded, [D, [H, /]] is the sum of a multiplicative 
operator and of a differential operator (see footnote on page 97) and therefore 
it is not bounded. On the other hand, in the commutative framework is 
bounded on both C°° functions and forms. 

In Sect. 7.3 the subalgebra A^ will play a crucial role in the definition of 
a scalar product on noncommutative forms. 

We end this Section by mentioning that, as will be evident from the next 
Section, the spectral triples we are considering are really ‘Euclidean’ ones. 
There are some attempts to construct spectral triples with ‘Minkowskian 
signature’ [94, 86, 103]. We shall not use them in these notes. 
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6.5 The Canonical Triple over a Manifold 

The basic example of spectral triple is constructed by means of the Dirac 
operator on a closed n-dimensional Riemannian spin^ manifold {M,g). The 
corresponding spectral triple (.4, %, D) will be called the canonical triple over 
the manifold M . For its constituents one takes: 

1. .4 = T{M) is the algebra of complex valued smooth functions on M . 

2. H = L‘^{M,S) is the Hilbert space of square integrable sections of the 

irreducible spinor bundle over M; its rank being equal to The 

scalar product in T^(M, S) is the usual one of the measure dfj,{g) associ- 
ated with the metric g, 

= J dg{g)'ip{x)(l>{x), (6.43) 

with bar indicating complex conjugation and scalar product in the spinor 
space being the natural one in ^ ' . 

3. D is the Dirac operator associated with the Levi-Civita connection ut = 
dx^^ojfi of the metric g.^ 

First of all, notice that the elements of the algebra A act as multiplicative 
operators on "H, 

(fi’){x) =: f{x)ip{x) , yfGA,-ipGn. (6.44) 

Next, let (Co, a = 1, . . . , n) be an orthonormal basis of vector fields which 
is related to the natural basis (9^, pi = 1 , . . . , n) via the n-beins, with com- 
ponents e((, so that the components {g^'^} and { 77 “^} of the curved and the 
flat metrics respectively, are related by, 

g'^"' = . (6.45) 

From now on, the curved indices {pi} and the flat ones {a} will run from 
1 to n and as usual we sum over repeated indices. Curved indices will be 
lowered and raised by the curved metric g, while flat indices will be lowered 
and raised by the flat metric g. 



® For much of what follows one could consider spin‘s manifolds. The obstruction for 
a manifold to have a spin‘s structure is rather mild and much weaker than the ob- 
struction to having a spin structure. For instance, any orientable four dimensional 
manifold admits such a spin‘s structure [6]. Then, one should accordingly modify 
the Dirac operator in (6.52) by adding a 17(1) gauge connection A = dx^A^. 
The corresponding Hilbert space H has a beautiful interpretation as the space 
of square integrable Pauli-Dirac spinors [78]. 

^ The symbol [k] indicates the integer part in k. 

® To simplify matters, the kernel of the Dirac operator D is assumed to be trivial. 
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The coefficients of the Levi-Civita (metric and torsion-free) connection 

of the metric g, defined by V are the solutions of the equations 

= 0 . (6.46) 

Also, let C{M) be the Clifford bundle over M whose fiber at x G M is 
just the complexified Clifford algebra Clif fc(T*M) and C(M, C{M)) be the 
module of corresponding sections. We have an algebra morphism 

7 : T(M, C{M)) ^ B{n) , (6.47) 

defined by 

7 (dx^) =: 7 '"(x) = 7 “e^ , /x=l,...,n, (6.48) 

and extended as an algebra map and by requiring A-linearity. 

The curved and flat gamma matrices { 7 ^(x)} and { 7 “}, which we take to be 
Hermitian, obey the relations 

7 '^(x) 7 ^(x) -I- 7 '^(x) 7 ^(x) = —2g{dx^, dx") = —2g^'' , g,,v = 1, . . . ,n ; 
7 ^ 7 '' -h 7 V = - a,6=l,...,n. (6.49) 

The lift V'® of the Levi-Civita connection to the bundle of spinors is then 

= df, + ^u;^a67“7'’ • (6-50) 

The Dirac operator, defined by 

D = 7oV^, (6.51) 

can be written locally as 

D = 7(dx'^)V^ = 7'^(x)(a^ + cu^)=7“eO(5^ + a;^) . (6.52) 

Finally, we mention the Lichnerowicz formula for the square of the Dirac 
operator [ 11 ], 

D^ = A^+-R. (6.53) 

4 

Here R is the scalar curvature of the metric and is the Laplacian operator 
lifted to the bundle of spinors, 

- t;,V^) , (6.54) 

with the Christoffel symbols of the connection. 

If the dimension n of M is even, the previous spectral triple is even. For 
the grading operator one just takes the product of all flat gamma matrices, 

«+l ^ , 



r = r 



(6.55) 
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which, since n is even, anticommutes with the Dirac operator, 

rD + Dr = Q. (6.56) 

Furthermore, the factor ensures that 

= I , r* = r . (6.57) 



Proposition 32. Let {A,T-L,D) he the canonical triple over the manifold M 
as defined above. Then 

1. The space M is the structure space of the algebra A of continuous func- 
tions on M , which is the norm closure of A. 

2. The geodesic distance between any two points on M is given by 

d{p,q) = sup{\f{p) - f{q)\\ \\[D,f]\\ <1} , 'ip,q&M. (6.58) 
feA 

3. The Riemannian measure on M is given by 

f f = c(n) trM\D\~n , V / G .4 , 

Jm 

c(n) = 2(”-[”/2]-i)7r"/2nF(|) . (6.59) 



Proof. Statement 1. is just the Gel’fand-Naimark theorem illustrated in 
Sect. 2.2. As for Statement 2., from the action (6.44) of A as multiplica- 
tive operators on "H, one finds that 



[D,f]i;={rd^f)i; , V/gA, (6.60) 

and the commutator [D, f] is a multiplicative operator as well® , 

[DJ] = rdf.f = j{df), V/gA. (6.61) 

As a consequence, its norm is 

ll[^,/]|| = sup|(7''5^/)(7"a./)*|i/2 = sup\r‘'d^fd,r\^/^ . (6.62) 



Now, the right-hand side of (6.62) coincides with the Lipschitz norm 
which is given by 



ll/llL^p =: sup 

xAv 



\f{x) - f{y)\ 
d-f{x,y) 



of/ [34] 
(6.63) 



One readily finds that [D, [D, /]] = 'y^dfx{y''d^f) ( 7 '^ 7 " — 7 ‘" 7 ^)(di//)d,j which, 
being a sum of a multiplicative operator and a differential operator cannot be 
bounded. This is the reason why higher commutators are not used for defining 
higher order regularity conditions for functions (see Sect. 6.4). 
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with the usual geodesic distance on M , given by the usual formula, 

d^{x,y) = inf^{ length of paths 7 from x to y } . (6.64) 

Therefore, we have that 

||[A/]||=sup^^^^pffl . (6.65) 

x^y djyx^y) 

Now, the condition ||[£),/]|| < 1 in (6.58), automatically gives 

d{p,q) < dj{p,q) . (6.66) 



To invert the inequality sign, fix the point q and consider the function 
f'i,q{x) = d-y{x,q). Then ||[T’,/7,q]|| < 1, and in (6.58) this gives 

d{p, q) > |/7.9(p) - f't,q{q) I = dj{p, q) , (6.67) 

which, together with (6.66) proves Statement 2. As a very simple example, 
consider M = M and D = Then, the condition ||[Z),/]|| < 1 is just 
sup 1^1 < 1 and the sup is saturated by the functions f{x) = ±x + cost 
which give the usual distance. 

The proof of Statement 3. starts with the observation that the principal 
symbol of the Dirac operator is y(^), left multiplication by y(^) on spinor 
fields, and so I? is a first-order elliptic operator (see App. A. 6). Since any 
f £ A acts as a bounded multiplicative operator, the operator is 

pseudodifferential of order —n. Its principal symbol is ct_„(x,^) = /(a;)||^||~" 
which, on the co-sphere bundle ||^|| = 1, reduces to the matrix f{x)l 2 in/ 2 ], 
2D/2] _ dirnSx, Sx being the fibre of S. From the trace theorem. Prop 31, 
we get 

trM\D\~'^) = / tr{f{x)l2[r./2])dxd^ 

Js-M 

o[n/2] r r 

Here, fgn-i d^ = j r{nl2) is the area of the unit sphere 5”“^. This 
gives c(n) = 2(”“["/^l“^)7r”/^nT(n/2) and Statement 3. is proven. 

It is worth mentioning that the geodesic distance (6.58) can also be recov- 
ered from the Laplace operator Vg associated with the Riemannian metric g 
on M [77, 78]. One has that 

d{p,q)=snp{\f{p)-f{q)\\\\fVf-hvf + fV)\\ 

f Z L^{M) 



< 1} , (6.69) 
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where L'^{M) is the Hilbert space of square integrable functions on M . In- 
deed, the operator /V/ — ^(V/^ -I- /^V) is just the multiplicative operator 
Thus, much of the usual differential geometry can be recovered 
from the triple although it is technically much more 

involved. 



6.6 Distance and Integral for a Spectral Triple 

Given a general spectral triple there is an analogue of formula 

(6.58) which gives a natural distance function on the space 5(.4) of states on 
the C*-algebra A (the norm closure of .4). A state on A is any linear map 
(j) : A ^ which is positive, i.e. (j){a*a) > 0, and normalized, i.e. (()(I) = 1 
(see also App. A. 2). The distance function on 5(A) is defined by 

d(((),X) =: sup{|^(a) — X(a)| I ||[£), a]|| < 1} , V((), XS5(A). (6.70) 



In order to define the analogue of the measure integral, one needs the addi- 
tional notion of the dimension of a spectral triple. 



Definition 15. A spectral triple (A, "H,!?) is said to be o/ dimension n> 0 
(or n summable) if \D\~^ is an infinitesimal (in the sense of Definition 12) 
of order ^ or, equivalently, if |D|“" is an infinitesimal or order 1. 

Having such a n-dimensional spectral triple, the integral of any a G A is 
defined by 

y"a=: ^tru,a\D\~'^ , (6.71) 

where the constant V is determined by the behavior of the characteristic 
values of |D|“”, namely, pLj < Vj~^ for j — >• oo. We see that the role of 
the operator |D|“” is just to bring the bounded operator a into £4.°°) so 
that the Dixmier trace makes sense. By construction, the integral in (6.71) 
is normalized. 



I=-tr^\D\- 



— lim 
V" N—^oo 



N-1 



i=i 



N-1 



lim 

N—^oo 



E 



1 

j 



= 1 . 



(6.72) 



The operator |D|“" is the analogue of the volume of the space. 

In Sect. 7.3 it will be shown that the integral (6.71) is a non-negative (nor- 
malized) trace on A, satisfying the following relations. 



/ 



ab = 




y a,b G A , 



a*a>0 , 



V a G A . 



(6.73) 
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For the canonical spectral triple over a manifold M, its dimension coin- 
cides with the dimension of M. Indeed, the Weyl formula for the eigenvalues 
gives for large j [83], 






27t( 



u/n -1/n 

finVolM ’ 



n being the dimension of M . 



(6.74) 



6.7 A Two-Point Space 



Consider a space made of two points Y = {1,2}. The algebra A of continuous 
functions is the direct sum A = C © C and any element / G A is a couple 
of complex numbers (/i, / 2 ), with fi = f{i) the value of / at the point i. A 
0-dimensional even spectral triple {A,H, D, F) is constructed as follows. The 
finite dimensional Hilbert space "H is a direct sum TL = "Hi ©7^2 and elements 
of A act as diagonal matrices 



Ab 



d f‘2^dimH2 



G Bin) . 



(6.75) 



We shall identify every element of A with its matrix representation. 

The operator D can be taken as a 2 x 2 off-diagonal matrix, since any diagonal 
element would drop out of commutators with elements of A, 



D = 



0 M* 
M 0 



M G Lin{Hi,H2) ■ 



(6.76) 



Finally, the grading operator F is given by 

^dlTTlHi d 

d ^dimH2 

With f G A, one finds for the commutator 



[D,f] 



if 2 - fl) 



0 M* 
-M 0 



(6.77) 



(6.78) 



and, in turn, for its norm, ||[i7,/]|| = I/ 2 —/ 1 1 A with A the largest eigenvalue of 
the matrix |M| = V MM*. Therefore, the noncommutative distance between 
the two points of the space is found to be 

d{l,2) = sup{\f 2 -fi\\\\[D,f]\\ (6.79) 

For the previous triple the Dixmier trace is just (a multiple of the) usual 
matrix trace. 
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6.8 Real Spectral Triples 

In fact, one needs to introduce an additional notion: the real structure one. 
The latter is essential to introduce Poincare duality and plays a crucial role 
in the derivation of the Lagrangian of the Standard Model [35, 38, 37]. This 
real structure may be thought of as a generalized CPT operator (in fact only 
CP, since we are taking Euclidean signature). 

Definition 16. Let {A, 71,0) be a spectral triple of dimension n. A real 
structure is an antilinear isometry J : H ^ H, with the properties 



la. 


j2 = e(n)I , 






lb. 


JD = e'(n)DJ , 






Ic. 


jr=(i)"rj ; ifn 


is even with F the 7j2-grading. 


2a. 


o 

II 

b 






2b. 


[[D,a],&0] = 0 , 6°: 


= Jb* J* , for any 


a,b G A . 


The 


mod 8 periodic functions e(n) and e'(n) 


are given by [35] 



£(n) = (l,l,-l,-l,-l,-l,l,l) , 

£'(n) = (1,-1, 1,1, 1,-1, 1,1) , (6.80) 

n being the dimension of the triple. The previous periodicity is a manifesta- 
tion of the so called ‘spinorial chessboard’ [24] . 

A full analysis of the previous conditions goes beyond the scope of these 
notes. We only mention that 2a. is used by Connes to formulate Poincare 
duality and to define noncommutative manifolds. The map J is related to 
the Tomita(-Takesaki) involution. The Tomita theorem states that for any 
weakly closed^ *-algebra of operators A4 on a Hilbert space % which admits 
a cyclic and separating vector®, there exists a canonical antilinear isometric 
involution J : "H — >■ "H which conjugates A4 to its commutant 

M' =: {T € B{H) \Ta = aT , V a G 7W} , (6.81) 

i.e. JA4J* = Ai'. As a consequence, Ai is anti-isomorphic to Ai' , the anti- 
isomorphism being given by the map Ai B a Ja*J* G Ai'. The existence 
of the map J satisfying condition 2a. also turns the Hilbert space T~L into a 
bimodule over A, the bimodule structure being given by 

a f b=: aJb*J* f , V a, & G A . (6.82) 

^ We recall that the sequence {Ta}ag/i is said to converge weakly to T, T\ — >■ T, if 
and only if, for any ^,ri G H, {{T\ — T)^, rf) — >• 0. 

® If AI is an involutive subalgebra of a vector ^ G is called cyclic for Ai if 

Aif is dense inH. It is called separating for Ai if for any T G At , = 0 implies 

T = 0. One finds that a cyclic vector for Ai is separating for the commutant M' . 
If At is a von Neumann algebra (Ai = Ai"), the converse is also true, namely a 
cyclic vector for M' is separating for Ai [55]. 
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As for condition 2b., for the time being, it may be thought of as the statement 
that D is a ‘generalized differential operator’ of order 1. As we shall see, it 
will play a crucial role in the spectral geometry described in Sect. 9.3. It is 
worth stressing that, since a and commute by condition 2a., condition 2b. 
is symmetric, namely it is equivalent to the condition [[D, b^], a] = 0, for any 
a,b G A. 

li a G A acts on "H as a left multiplication operator, then Ja*J* is the cor- 
responding right multiplication operator. For commutative algebras, these 
actions can be identified and one simply writes a = Ja*J*. Then, condition 
2b. reads [[D, a],b] = 0, for any a,b G A, which is just the statement that D 
is a differential operator of order 1. 

The canonical triple associated with any (Riemannian spin) manifold in 
Sect. 6.5, has a canonical real structure in the sense of Definition 16, the 
antilinear isometry J being given by 

Jijj =: Cif , V G "H , (6.83) 

where C is the charge conjugation operator and the bar indicates complex 
conjugation [24]. One verifies that all defining properties of J hold true. 

It turns out [84] that for the two point space described in Sect. 6.7, and 
for more general discrete spaces as well, it is not possible to introduce a real 
structure which fulfills all the requirements of Definition 16. More precisely, 
it seems that it is not possible to satisfy the first order condition 2b. in the 
definition. 



6.9 Products and Equivalence of Spectral Triples 

We shall briefly mention two additional concepts which are useful in general 
and in particular in the description of the Standard Model. These are the 
notions of product and equivalence of triples. 

Suppose we have two spectral triples (Mi, "Hi, Di, Ti) and {A 2 ,'H 2 , D 2 ) 
the first one taken to be even with Z 2 -grading Ti on "Hi. The product triple 
is the triple {A, H, D) given by 



A =: Ml M 2 , 

T~L 'Hi HL2 , 

D =: £»i Oc I + A Oc D 2 . (6.84) 



From the definition of D and the fact that D\ anticommutes with Fi it follows 
that 
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D^ = ^{D,D} 

= (Di)^ I + (A)^ (D2)^ + 2 {^1) A} ®c D 2 

= (29i)2®cI + I®c(£»2)" . (6.85) 

Thus, the dimensions sum up, namely, if Dj is of dimension rij, that is \Dj\~^ 
is an infinitesimal of order 1/rij, j = 1,2, then D is of dimension n\ + ri 2 , 
that is is an infinitesimal of order l/(ni + ^ 2 ). Furthermore, once the 

limiting procedure Lim^ is fixed, one has also that [34], 

( 6 . 86 ) 

for any Tj G B{T~Lj). For the particular case in which one of the triples, the 
second one, say, is zero dimensional so that the Dixmier trace is the ordinary 
trace, the corresponding formula reads 

fr„(A ® Al^n = tr^{T^\D\^^)tr{T2) . (6.87) 

The product of real structures J\ and J 2 needs some care. If the second 
triple is of dimension 0 mod 8 one takes [35], 

J =: J\ J 2 ■ (6.88) 

This is used, for instance, for the spectral triple of the standard model as 
we shall discuss in Sect. 9. 2. If one of the triples is even, then definition 6.88 
works in most cases; some caveats were pointed out in [150]. 

The notion of equivalence of triples is the expected one. Suppose we are 
given two spectral triples and {A2,'H2, D2), with the associated 

representations ttj : Aj — >■ , j = 1,2. Then, the triples are said to 

be equivalent if there exists a unitary operator U : Hi — >■ H2 such that 
Uni{a)U* = 7T2(a) for any a G Ai, and UDiU* = U 2 . If the two triples are 
even with grading operators A and A respectively, one requires also that 
UFiU* = A- And if the two triples are real with real structure A and J 2 
respectively, one requires also that UJiU* = J2. 
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We shall now describe how to construct a differential algebra of forms out 
of a spectral triple {A,'H,D). It turns out to be useful to first introduce a 
universal graded differential algebra which is associated with any algebra A. 



7.1 Universal Differential Forms 

Let A be an associative algebra with unit (for simplicity) over the field of 
numbers C (say). The universal differential algebra of forms QA — 0^ f2^A 
is a graded algebra defined as follows. In degree 0 it is equal to A, Q^A = A. 
The space Q^A of one-forms is generated, as a left .4-module, by symbols of 
degree 6a, for a € A, with relations 

6{ab) = {6a)b aSb , W a,b G A . 

5{aa !3b) = aSa j36b , a,b G A , a, /3 G C . 

We shall assume that the element 1 G C coincides with the unit of A 
C C .4) and that 1 is also the unit of the whole of f?A. Then, the 
(7.1) automatically gives (51 = 0, since (51 = i5(l- 1) = (51) • U- 1 • (51) 
from which it follows that 51 = 0. In turn this implies that 5C = 0. 

A generic element cv G f2^A is a finite sum of the form 

U! = '^affbi , Oi,bi G A . 

i 

The left A-module Q^A can also be endowed with a structure of a right 
A-module by 

(^ ai5bf)c =: ^ ai{5bi)c = ^ aA^bic) - ^ affAc , ( 7 . 4 ) 

i i i i 

where, in the second equality, we have used (7.1). The relation (7.1) is just 
the Leibniz rule for the map 



(7.1) 

(7.2) 

(so that 
relation 
= 2(51) 



(7.3) 



5 : A ^ , 



G. Landi: LNPm 51, pp. 105-121, 2002. 

© Springer- Verlag Berlin Heidelberg 2002 



(7.5) 
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which can therefore be considered as a derivation of A with values in the 
bimodule The pair (5, H^A) is characterized by the following universal 
property [21, 25], 

Proposition 33. Let A4 be any A-himodule and A \ A^ Ai any derivation, 
namely any map which satisfies the rule (7.1). Then, there exists a unique 
bimodule morphism pA ■ 12^ A —> A4 such that A = pA o S, 

id : 12M ^ n^A 

i Pa , pA°S = A . (7.6) 

A: A M 

Proof. Notice, first of all, that for any bimodule morphism p : f?^A —>■ Ai the 
composition po<5 is a derivation with values in Ai. Conversely, let A ■. A ^ Ai 
be a derivation; then, if there exists a bimodule morphism pA '. L2^A — >■ Ai 
such that A = pA ° d, it is unique. Indeed, the definition of 6 gives 

PA{Sa) = A{a) , \/ a € A , (7.7) 

and the uniqueness follows from the fact that the image of 6 generates f?^A 
as a left .4-module, if one extends the previous map by 

Pa('^ aiSbi) = ^ QiAbi , ^ at, bi G A . (7.8) 

i i 

It remains to prove that pA as defined in (7.8) is a bimodule morphism. Now, 
with ai,bi, f,g € A, by using the fact that both d and A are derivations, one 
has that 



= PAC^fai{dbi)g) 

i i 

= Pa{^ faid{big) - ^ fa^bAg) 

i i 

i i 

= '^fai{Abi)g 
i 

i 

= fC^a^Abi)g ; ( 7 . 9 ) 

i 



and this ends the proof of the proposition. 
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Let us go back to universal forms. The space is defined as 

= P^Af2^A ■ ■ ■ f2^Af2^A , (7.10) 

p— times 

with the product of any two one-forms defined by ‘juxtaposition’, 

(ao<5ai)(6o(5&i) =: ao((fai)6oi56i 

= ao<5(ai6o)'J&i ~ aoai^^o<^^i ; 

V ao,ai,&o,^i G -4 . (7.11) 

Again we have used the rule (7.1). Thus, elements of fi'^A are finite linear 
combinations of monomials of the form 



to = aoSaiSa 2 ■ ■ ■ Sup , ak € A . C7-12) 

The product : H^A x H'^A — 1 of any p-form with any g-form produces 

a p-l -<7 form and is again defined by ‘juxtaposition’ and rearranging the result 
by using the relation (7.1), 

■ ■ ■ ^^p^{^p+l^^p+2 ' ' * ^^p+q) ~' 

= ■ ■ ■ (^ap)o.p-|_i^Up-|_2 * * * Scip^q 

= {-lfaoaiSa2---Sap+q 
p 

+ ^(-l)^“*ao5ai • • • Sai_iS{aiai+i)Sai+2 ■ ■ ■ Sap+q . (7.13) 

i=l 

The algebra H^A is a left A-module by construction. It is also a right A- 
module, the right structure being given by 



{agSai ■ • ■ Sap)b =: aoSai ■ ■ ■ {6ap)b 

= {—l)^aoai 6 a 2 ---Sap 6 b 

p-i 

+ ^^(— l)^“*ao<jai • • • Sai-iS{aiai+i)Sai+2 ‘ ■ • SupSb 

i=l 

-|-aoi5ai • • • Sap-iS(apb) , V a^, 6 G A . C7-14) 

Next, one makes the algebra f?A a differential algebra by ‘extending’ the 
differential 6 to an operator : il^A — 1 f2^^^A as a linear operator, unam- 
biguously by 

6{aoSai ■ • • Sup) =: SaoSai ■ ■ ■ Sap . C7-15) 

It is then easily seen to satisfy the basic relations 



= 0 , (7.16) 

S{ujiuj2) = 6 {uji)u! 2 + {—iyu)iSuj2 , G f2^A , W2 G fiA . (7.17) 
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Notice that there is nothing like graded commutativity of forms, that is 
there are no relationships of the type = (— with € 

The graded differential algebra (f2A,S) is characterized by the following 
universal property [31, 96], 

Proposition 34. Let {F, A) he a graded differential algebra, F = ®pF^ , and 
let p : A ^ F'^ be a morphism of unital algebras. Then, there exists an 
extension of p to a morphism of graded differential algebras p : f2A — >■ F, 
and this extension is unique, 

p: [}PA — ^ FP 

< 54 , fA, po 6 = Aop . (7-18) 

p: QP+^A — ^ FP+^ 

Proof. Given the morphism p ■. A ^ F^ , one defines p : L2PA — >■ FP by 

p{ao5ai ■ ■ ■ Sap) =: p(ao)A(p(ai)) ■ ■ ■ A(p(ap)) . (7-19) 

This map is uniquely defined by p since f2PA is spanned as a left .4-module 
by monomials agSai ■ ■ ■ Sop. Next, the identity (7.13) and its counterpart for 
the elements p(ai) and the derivation A ensure that products are sent to 
products. Finally, by using (7.15) and the fact that Z\ is a derivation, one has 

{po S){aoSai ■ ■ ■ Sup) = p{SaoSai ■ ■ ■ Sop) 

= Ap{ao)A{p{ai)) ■ ■ ■ A{p{ap)) 

= 4i((p(ao))4\(p(ai)) • • • A{p{ap)) 

= (Z\ o 'p){aQSa\ ■ ■ ■ Sup) , (7.20) 

which proves the commutativity of the diagram (7.18): poS = Aop. 

The universal algebra f2A is not very interesting from the cohomological 
point of view. From the very definition of S in (7.15), it follows that all coho- 
mology spaces ILP(f?A) =: Ker{5 : QpA — >■ f2P~^^A)/Im{S : Qp~^A -> (2pA) 
vanish, except in degree zero where F[^{[2A) = C. 

We shall now explicitly construct the algebra f^A in terms of tensor prod- 
ucts. Firstly, consider the submodule of A Gc -4 given by 

ker{m : A Gc .4 — >■ .4) , m{a Gc b) = ab . (7.21) 

This submodule is generated by elements of the form 1 Gc a — a Gc 1 with 
a € A. Indeed, if ^ Oibi = m(^ Oj Gc bi) = 0, then one gets ^ Gc bi = 
^ai(lGc^i — ^iGcl)- Furthermore, the map A : A ^ ker{m : A®c A ^ A) 
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defined by Aa =: 1 a — a satisfies the analogue of (7.1), A{ab) = 
{Aa)b + aAb. There is an isomorphism of bimodules 

~ ker{m : A A^ A) , 
da O 1 a — a 1 ) 

or ^ a*d6i e-i ^ a*(l (g>c di - 6i 1) • (7.22) 

By identifying f2^A with the space ker{m : A (Sic A ^ A) the differential is 
given by 

5 ■. A^ fl^A , 6a = 1 (Sc a — a(Sc^ ■ (7.23) 

As for forms of higher degree one has, then, 

nPA ~ n^A (Sa---(^a ^^-6^ C A 0c • • • -4 , 

' V " ' V " 

p— times {p-\-l) — times 

aoSaiSa2 ■ ■ ■ 6ap H> ao(l - oi 1) (1 Op - Op 1) > 

V ttfe G A . 

(7.24) 

For instance, the image of the two form aoSaiSa 2 is given by 

ao(l ai - oi 1) (1 02 - 02 1) 

= oq 0,1 0,2 — cLo (Sc aiU2 (Sc 1 

- aooi Sc 1 «2 + aoai Sc 02 1) C A -4 (g)c -4 . (7.25) 

The multiplication and the bimodule structures are given by, 

(wi UJp) ■ (Wp+l Sa---Sa (^p+q) =-.U)iSa--- (^p+q , 

a ■ {ujiSa ■ ■ ■ Sa Wp) =: (a^i) Sa' ■ ■ Sa(^p , 

(wi Wp) • a =: wi (g)^ • • • (g)^ (wpo) , 

V Uj G n^A , a G A . (7.26) 

The realization of the differential 6 is also easily found. Firstly, consider any 
one-form w = X) di = I] ®i(l di - di (g>c 1) (since = 0)- 

differential Su) G Q^ASa ^^A is given by 

6uj =: ^(1 Sc Oi - ai ®c 1) <8.4 (1 <8c h - 6* Sc 1) 

= 1 (g)c Oi <8c bi — Qi (g>c 1 (g)c bi + Ui (g>c bi (g>c 1 ■ (7.27) 

Then 6 is extended by using the Leibniz rule with respect to the product (g)^, 

p 

d(wi<g>yr • ■Sa(^p) ='■ ^(~l)*~'"^<^i<8yr • -SA^i^iSA ' ' ‘<8.4Wp , \/ coj € f2^A . 

i=l 

(7.28) 
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Finally, we mention that if A has an involution *, the algebra f2A is also 
made into an involutive algebra by defining 

(5a)* =: -Sa* , VaeA (7.29) 

(aoSai ■ ■ ■ Sup)* =: (Sap)* ■ ■ ■ (Sai)*aQ 

= a*5a*_i • • • 5oo 

p-i 

+ J^(-l)P+Aa; ■ ■ ■ S(a*+X) ■■■K- (7-30) 

i=0 

7.1.1 The Universal Algebra of Ordinary Functions 

Take A = T{M), with T{M) the algebra of complex valued, continuous 
functions on a topological space M, or of smooth functions on a manifold M 
(or some other algebra of functions). Then, identify (a suitable completion 
of) A A with T{M X • • • X M). If f G A, then 

Sf(xi,X2) =■■ (1 / - / ®c l)(xi,a: 2 ) = f{x2) - f(xi) . (7.31) 

Therefore, f?^A can be identified with the space of functions of two variables 
vanishing on the diagonal. In turn, f2^A is identified with the set of functions 
/ of p + 1 variables vanishing on contiguous diagonals, 

f(xi, ■■■, Xk-i,x, X, Xk+2, ■■■, Xp+i) = 0 . (7.32) 

The differential is given by, 

p+i 

=: f(xir - , Xk-I, Xk+ir - , ^P+i) ■ (7.33) 

k^l 

The A-bimodule structure is given by 

{gf){xi, ■ ■ ■ Xp+i) =: g{xi)f{xi,- ■ ■ Xp+i) , 

{fg){xi, ■ ■ ■ Xp+i) =: /(xi, • • • Xp+i)g{xp+i) , (7.34) 

and extends to the product of a p-form with a g-form as follows, 

(/^) (^1 ? * * ' Xp-\-q) /(xi , * * * Xp-|-l)/l(Xp-|-l , * * * Xp-\-q) , (7.35) 

Finally, the involution is simply given by 

/*(xi, • • • Xp+i) = (/(xi, • • • Xp+i))* . (7.36) 



Notice that even if the algebra is commutative fh and hf are different with 
no relations among them (there is nothing like graded commutativity). 
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7.2 Connes’ Differential Forms 

Given a spectral triple {A,TL, D), one constructs an exterior algebra of forms 
by means of a suitable representation of the universal algebra f2A in the 
algebra of bounded operators on H. The map 

tt-.[2A^ B{U) , 

7r(ao<iai • • • Sap) =: a^lD, ai] • • • [U, Op] , aj G A , (7.37) 

is clearly a homomorphism of algebras since both 6 and [7?, •] are derivations 
on A. Furthermore, from [D,a\* = —[D,a*], one finds that tt{uj)* = n{uj*) 
for any form uj G fiA and so tt is a * -homomorphism. 

One might think of defining the space of forms as the image tt{HA). This 
is not possible, since in general, 7r(w) = 0 does not imply that tt{ 5 lo) = 0. 
Such unpleasant forms w, for which 7t{co) = 0 while Tr{Suj) yf 0, are called junk 
forms. They have to be disposed of in order to construct a true differential 
algebra and make tt into a homomorphism of differential algebras. 

Proposition 35. Let Jq =: ©pTp be the graded two-sided ideal of f?A given 
by 

=: {uj G HP A, 7 t(w) = 0 } . (7.38) 

Then, J = Jq 5 is a graded differential two-sided ideal of f2A. 

Proof. It is enough to show that J is a two-sided ideal, the property 6^ = 0 
implying that it is differential. Take u) = ui\ -\- Suj2 G Jp, with wi G Jq 
and 102 G Jq~^. If r/ G 12'^A, then Loy = coirj -\- {St02)r] = toir] -\- 6(0021]) — 
{—l)P~^0J2Sr] = (ioii] — {— 1 )P~^ 00261]) -\- 6(0021]) G Analogously, one 

finds that i]oo G 



Definition 17. The graded differential algebra of Connes’ forms over the 
algebra A is defined by 

CdA =: TIA/J ~ 7r(l7A)/7r(Wo) . (7.39) 

It is naturally graded by the degrees of S7A and J, the space of p-forms being 
given by 

CPjjA = L2PA/JP . (7.40) 

Since </ is a differential ideal, the exterior differential 6 defines a differential 
on QdA, 

d : QPjjA , 

d\oo] =: [<5w] ~ [7t((5w)] , (f.41) 

with 00 G QPA and [w] the corresponding class in 
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Let us see the structure of the forms more explicitly. 

• 0- forms. 

Since we take ^ to be a subalgebra of we have that J fi = 

JoC\A= {0}. Thus 

f2%A ~ A . (7.42) 

• 1-forms. 

We have J fi f2^A = Jo D f2^A + Jo H fi^A = Jo H fi^A. Thus, 

Ql,A ~ 7r(f2M) , (7.43) 

and this space coincides with the Jl-bimodule of bounded operators on T~L 
of the form 

^ al[D, a{] , aj € A . (7.44) 

j 

• 2-forms. 

We have J fi ^2'^A = JqH ^2'^A + Jo H f2^A. Thus, 

f?lA ~ 7r(f?^A) / tt{6{Jo n f2^A)) . (7.45) 

Therefore, the Jl-bimodule f2f^A of 2-forms is made up of classes of ele- 
ments of the kind 

(V 2 = Y^ al[D, a{][D, a^] , aj G A , (7.46) 

j 

modulo the sub-bimodule of operators 

{ Y.iDX]{D,K] = 0 } . (7.47) 

3 3 

• p-forms. 

In general, the ^-bimodule f2^A of p-forms is given by 

^2lA ~ Tr{nPA)/Tr{S{Jo n QP-^A)) , (7.48) 

and is made of classes of operators of the form 

ujp = Y^a^Q[D,a{][D,a^2]---[D,a^p] , al e A , (7.49) 

3 

modulo the sub-bimodule of operators 

{ ^&^o[A &{]••• [A 6^-i]=o }. 

3 3 

(7.50) 

As for the exterior differential (7.41), it is given by 



]al[D,a{][D,ai] 






(7.51) 
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7.2.1 The Usual Exterior Algebra 

The methods described in the previous Section, when applied to the canon- 
ical triple over an ordinary manifold, reproduce the usual exterior algebra 
over that manifold. Consider the canonical triple {A,TL,D) on a closed n- 
dimensional Riemannian manifold M as described in Sect. 6.5. We recall 
that A = T{M) is the algebra of smooth functions on M; % = S) is 

the Hilbert space of square integrable spinor fields over M; D is the Dirac 
operator of the Levi-Civita connection as given by (6.52). We immediately 
see that, for any f G A, 

TT{5f) =: [D, f] = = j{dMf) , (7.52) 

where 7 : r{M,C{M)) — >■ B{TL) is the algebra morphism defined in (6.48) 
and d,M denotes the usual exterior derivative on M. In general, for fj G A, 

T^ifoSfi ■ . . Sfp) =: fo[D, /i] . . . [D, fp] = 7(/odM/i • • • • ■ dm/p) , (7.53) 

where the differentials dufj are now regarded as sections of the Clifford 
bundle C\{M) (while the functions fj can be thought of as sections of Co(M)) 
and the dot • denotes the Clifford product in the fibers of C(M) = ©fcCfc(M). 
It is worth noticing that the image of the map tt is made up of multiplicative 
operators on the Hilbert space %. 

Since a generic differential 1-form on M can be written as 
with Jq, f( G A, using (7.52) we can identify Connes’ 1-forms f?}yA with the 
usual differential 1 -forms 

Q\,A~A^{M). (7.54) 

To be more precise, we are really identifying the space il\)A with the image 
in BiH), through the morphism 7 , of the space A^{M). 

Next, we analyze the junk 2-forms. For any f G A, consider the universal 
forms 

a=l{f6f-{Sf)f)y^0, 

Sa = 6f6f . (7.55) 



One easily finds that 

’’■(a) = - {dpf)f) = 0 , 

Tr{Sa) = 

= (-5^"5^/5./)l2[»/2i 0 . 



(7.56) 
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Here we have used (6.49), g^'' being the components of the metric. We con- 
clude that the form Sa is a junk 2 -form. A generic junk 2 -form is a combina- 
tion (with coefficients in A) of forms like the one in (7.55). As a consequence, 
we infer from expression (7.56) that fl 17^A)) is generated as an A- 

module by the matrix l 2 [»>/ 2 ]. On the other hand, if /i ,/2 G A, from (7.53) 
we have that 

Tr{5fAh) = lidivih ■ dM/ 2 ) 

= lirr - Yl^)d^fid.h + ^( 7 ^ 7 " + 

= 7 (<^m/i A dM/ 2 ) - 5 (<^M/i,dM/ 2 )l 2 ['*/ 2 ] ■ (7-57) 

Therefore, since a generic differential 2-form on M can be written as a sum 
Ej fodMfi A dnfi, with /q, /f , /a G A, by using (7.56) and (7.57) to elim- 
inate junk forms, we can identify Connes’ 2-forms f2^A with the image 
through 7 of the usual differential 2-forms A^{M), 

Ql,A ~ A^{M) . (7.58) 

The previous identifications can be generalized and one can identify (through 
the map 7 ) 

A ~ AP(M) . (7.59) 

In particular, fFj^A = 0 if p > dimM. 

To establish the identification (7.59) we need some additional facts from 
Clifford bundle theory which we take from [11]. 

For each m G M, the Clifford algebra Cm{M) has a natural filtration, 
Cm(M) = [JCm\ where Cm^ is spanned by products ’ C 2 • • • • • with 
k <p and G T^M. There is a natural graded algebra 

grC^ =■■ Y. ’ 9rpC^ = , (7-60) 

P 

with a natural projection, the symbol map, 

ap : gr^c^ . ( 7 , 61 ) 

The graded algebra (7.60) is canonically isomorphic to the complexified ex- 
terior algebra Ac(T^M), the isomorphism being given by 

AI{T:^M) 9 a 6 a . . . a ^ ap(a • 6 • . . . • ?p) G gVpC^ . (7.62) 

Now, the Clifford algebra Cm also has a natural Z 2 grading given by the 
parity of the number of terms G in a typical product A 2 ‘ ■ Ak- 

If is the subspace of Cm^ made up of elements with the same parity as p, 
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then the kernel of the symbol map ap, when restricted to coincides with 
and we have the identification^ 

Al{T*^M) Cl / Cr" . (7.63) 

By considering the union over all points m G M, one constructs the corre- 
sponding bundles over M. We shall still denote by ap the symbol map 

ap : ngVpC) . (7.64) 

But to avoid confusion we shall indicate by Sp its restriction to r{CP). We 
stress that 

kersp ~ r{CP-^) . (7.65) 



Proposition 36. Let {A, 71,0) be the eanonieal triple over the manifold M. 
Then, 

n Q^~^A)) = 'y(kersp) , p >2 . (7.66) 

Proof. Consider the universal {p— l)-form u = ^{foSfo — <5/o/o)<^/i ■ • ■ '^/p- 2 - 

Then 7t(w) = 0 and tt{Suj) = 7(— UdM/oll^'^M/i • . . . • dMfp- 2 )- Since terms 
of the type ||c?M/o||^dM/i ■ . . . ■ dMfp -2 generate as an .4-module, 

one can find a universal form oj' G with 7r(oj') = 0 and Tr(Soj') = j(p) 

where p is any given element of T(C^“^). By using (7.65), this proves the 
inclusion 'y(kersp) C tt{S{Jo H f2P~^A)). 

Conversely, with to = fo^fi ■ ■ ■ ^fp-i ^ generic universal {p— 1) form, 
the condition 

7t{u;) =: 7^^ • • • 7^^^^ E = 0 , (7.67) 

3 



implies, in particular, that 

E • • • ^np-i\fp-i = 0 > C^-SS) 

3 

with the square brackets indicating complete anti-symmetrization of the en- 
closed indices. This condition readily yields the vanishing of the top compo- 
nent of 



^{ 5 u 3 ) =: 7^“7^^ • • • 7^^-^ E . (7.69) 

3 

^ By using the canonical inner product given by the trace in the spinor represen- 
tation, A^iTfiM) can be identified with the orthogonal complement of the space 
in cH or equivalently, with the orthogonal complement of the space 
in the space Cfi- 
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Indeed, 

3 3 

- ■ • • ^Mp-i]/p-l 

i 

= 0 . (7.70) 

It follows that tt{Suj) G 'y{r{C^~^) ~ ■^{kersp), and this proves the inclusion 
7r(d(Jo n fiP~^A)) C 'y(kersp). 



Proposition 37. Let {A, 71,0) be the canonieal triple over the manifold M. 
Then, a pair T\ and T 2 of operators on the Hilbert space TL is of the form 
Ti = 7t(u;), T 2 = Tr{Suj) for some universal form to G fl^A, if and only if 
there are sections pi of and p 2 of , such that 

T3=i{Pj), J = 1,2, 

dMCTpipi) = (7p+i{p2) ■ ( 7 . 71 ) 

Proof. If w = fodfi . . . 6fp, the identities Ti = 7r(w) = j{fo6fi . . . 6fp) and 

T 2 = tt{uj) = 7(<5/o<5/i ■ . ■ Sfp) will imply that pi = fodiyifi ■■■■■ duffp , P 2 = 
^M/o-rfM/r- • --rfM/p, andinturn CTp(pi) = /odM/i A. . .A^m/p , CTp+i(p 2 ) = 
dMfo A dAifi A ... A dnfp, and finally dM<Jp{pi) = crp+i{p 2 ). 

Conversely, if p\ G r{C^) and p 2 G P{Cp~^^) are such that dMcrpipi) = 
<Tp+i(p 2 ), then p 2 is determined by pi up to an ambiguity in r{CP~^). Sup- 
pose first that p 2 G ~ fcersp+i; we can then take pi = 0. So one 

needs a universal form w G Q^A such that 7r(w) = 0,7 t((5w) = 7 (^ 2 )- The 
existence of oj follows from the previous Proposition (for p -|- 1). 
Furthermore, if p 2 has components only in 0 r{CP~^), we can take 

Pi = Ej f^dMfi ■ ■■■■ dnff,, P 2 = J2j dMfo ■ dMfi ■ ■■■■ dnff,- Then, the 
universal w G is just u = J2j /o^/i • • • • ■ ^/p - 



Proposition 38. Let {A,TL,D) be the canonical triple over the manifold M. 
Then, the symbol map Sp gives an isomorphism 

Sp : ^2P,A T{AlT*M) , (7.72) 

which commutes with the differential. 

Proof. Firstly, one identifies Tr{f7PA) with P{Cp) through 7 . Then, Proposi- 
tion 36 shows that 7 t(i5(Jo H f2P~^A)) = kersp. The commutativity with the 
differential follows from Proposition 37. Finally, one observes that from the 
definition of the symbol map, if pj G P{Cp^), j = 1,2, then 
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Spi+P,(piP2) = SpM A SpM G r{AP^^+^^T*M) . (7.73) 

As a consequence, the symbol maps Sp combine to yield an isomorphism of 
graded differential algebras 

s : f2D{C°°{M)) — ^ r{AcT*M) , (7.74) 

which is also an isomorphism of C°°(M)-modules. 



7.2.2 The Two-Point Space Again 

As a very simple example, we shall now construct Connes’ exterior algebra 
on the two-point space Y = {1,2} with the 0-dimensional even spectral 
triple {A, H, D) constructed in Sect. 6.7. We already know that the associated 
algebra A of continuous function is the direct sum A = C©C and any element 
/ G A is a couple of complex numbers (/i, / 2 ), with fi = f{i) the value of / 
at the point i. 

As we saw in Sect. 7.1.1, the space f?^A of universal 1-forms can be 
identified with the space of functions on T x T which vanish on the diagonal. 
Since the complement of the diagonal in T x T is made of two points, namely 
the couples (1,2) and (2,1), the space f?^A is 2-dimensional and a basis is 
constructed as follows. Consider the function e defined by e(l) = l,e(2) = 0; 
clearly, (1 — e)(l) = 0, (1 — e)(2) = 1. A possible basis for the 1-forms is then 
given by 

eSe , (1 - e),5(l - e) . (7.75) 

Their values are given by 

(eJe)(l,2) = -l , ((l-e)5(l-e))(l,2)=0 

(eSe)(2A)=0, ((1 - e)5(l - e))(2, 1) = -1 . (7.76) 

Any universal 1-form a G f2^A can be written as a = Ae<5e -1-^(1 — e)5(l — e), 
with A,/i G C. As for the differential, S : A f2^A, it is essentially a finite 
difference operator. For any f G A one finds that 

Sf = ifi - f 2 )eSe - (/i - / 2)(1 - e)<5(l - e) = (/i - h)5e . (7.77) 

As for the space of universal p-forms, it can be identified with the 

space of functions of p -I- 1 variables which vanish on contiguous diagonals. 
Since there are only two possible strings giving nonvanishing results, namely 
(1, 2, 1, 2, • • •) and (2, 1, 2, 1, • • •) the space ^2PA is two dimensional as well 
and one possible basis is given by 



e{6er , {l-e){6{l-e)r . 



(7.78) 
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The values taken by the first basis element are 



(e(5ef)(l,2,l,2,...) = ±l , (7.79) 

(e(5e)P)(2,l,2,l,...) = 0; (7.80) 

and in (7.79) the plus (minus) sign occurs if the number of contiguous couples 
(1,2) is even (odd). As for the second basis element we have 

((l-e)(<i(l-e))J’)(l,2,l,2,...) = 0, (7.81) 

((1 - e)(J(l - e)Y){2, 1, 2, 1, • • •) = ±1 , (7.82) 



where, in (7.82), the plus (minus) sign occurs if the number of contiguous 
couples (2, 1) is even (odd). 

We now move to Connes’ forms. We recall that the finite dimensional 
Hilbert space "H is a direct sum % = elements of A act as diagonal 

matrices A 9 / i— >■ diag(/ildimffi , f 2 ^dimH 2 )i and D is an off diagonal operator 

G Lin{ni,n2) . 

One immediately finds that 



TT{eSe) =: e[D, e] 



0 -M* 
0 0 



7t(( 1 - e)(5(l - e)) =: (1 - e)[D, 1 - e] 



0 0 

-M 0 ’ 



(7.83) 



and the representation of a generic 1-form a = XeSe + /i(l — e)5(l — e) is 
given by 

0 AM* 

AiM 0 



7r(a) = — 

As for the representation of 2-forms one gets 



(7.84) 



Tr{e6eSe) =: e[D,e][D,e] = 



-M*M 0 

0 0 



7t(( 1 — e)i5(l — e)5{l — e)) =: (1 — e)[D, 1 — e][D, 1 — e] 

'0 0 
0 -MM* 

In particular the operator Tr{Sa) is readily found to be 

IX 1 1 \M*M 0 

Tr{5a) (X + Y) Q mm* 



(7.85) 



(7.86) 



from which we infer that there are no junk 1-forms. In fact, there are no junk 
forms whatsoever. Even forms are represented by diagonal operators while 
odd forms are represented by off diagonal ones. 
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7.3 Scalar Product for Forms 

In order to define a scalar product for forms, we need another result which 
has been proven in [29] 

Proposition 39. Let {A,H,D) be an n- dimensional spectral triple. Then, 
the state (p on A defined by 

(j){a) =: tri,j(7r(a)|£)|“”) , V a S .4 , (7.87) 

with tr,^ denoting the Dixmier trace, is a trace state, i.e. 

4>{ab) = <p{ba) , 'i a £ A . (7.88) 

Thus, we get a positive trace on ^ as was alluded to at the end of Sect. 6.6. 

In fact, one needs to extend the previous result to all of 7r{f2A). Now, 
this is not possible in general and (rather mild, indeed) regularity conditions 
on the algebra are required. Let us recall from Sect. 6.4, that the subalgebra 
A"^ of A was generated by elements a £ A such that both a and [D, a] are in 
the domain of the derivation S defined in (6.41). In [29] it is proven that the 
state (j) on 7r{nA) defined by 

f{T) =: tr„(T|i4|-") , V T € TT(nA) , (7.89) 

is a trace state, 

(p{ST) = (j){TS) , V S', T G TT{nA) , (7.90) 

provided that A^ = A (or that A^ is a large enough subalgebra) . We refer to 
[29] for the proofs of the previous statements. Here we only remark that, by 
using the cyclic property of tr,^, the condition (7.90) is equivalent to one of 
the following, 

tr.([r,|Z7|-"])=0 , ^T£^{QA), , . 

tr,^{ST\D\-^) = tr^(S|L'|-”T) ,\J S,T £ t^{QA) . ^ > 

Property (7.90) (together with the cyclic property of trA) implies that the 
following three traces coincide and can be taken as a definition of an inner 
product on Tr{f2PA),'^ 

(Ti,T2)p -trUT^nn 
= tr„(T*|i4|"T2) 

= tr,,{T2\D\^T*) , V Ti,T2 G Tr(nPA) . (7.92) 

^ An alternative definition of the integral and of the inner product for forms which 
is based on the heat kernel expansion and uses the heat operator exp(-eD^) 
has been devised in [78] . When applied to the canonical triple over a manifold it 
gives the usual results. 
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Forms of different degree are defined to be orthogonal. 

Now let Up be the corresponding completion of Tr{f2PA). With a G A and 
T\,T 2 G 7t( 17^’^), we obtain 

(ari,oT2)p = tr^{T*a*\DraT2) = tr„(T2|i?rT*o*o) , (7.93) 

(Tia,T2o)p = tr^(a*T*|Z?|”T2a) = tr^a*aT*\D\^T2) . (7.94) 

As a consequence, the unitary group U (A) of A, 

U{A) =:{uGA \ u*u = uu* = 1} , (7.95) 

has two commuting unitary representations, L and R, on Rp given by left and 
right multiplications. Now, as tt{6{Jo fi 17^“^ A) is a submodule of Tr{nPA), 
its closure in TLp is left invariant by these two representations. Let Pp be 
the orthogonal projection of Hp, with respect to the inner product (7.92), 
which projects onto the orthogonal complement of fi ^2P~^A))■ Then 

Pp commutes with L{a) and R{a), if a G U{A) and so for any a G A. Define 
Tip = PpR-p] this space also coincides with the completion of the Connes’ 
forms Q^A. The left and right representations of A on TLp reduce to algebra 
representations on Tip which extend the left and right module action of A on 

niA. 



As an example, consider again the algebra A = C°°{M) and the associated 
canonical triple {A, Tl, D) over a manifold M of dimension n = dimM . Then, 
the trace requirement (7.90) is satisfied.^ Furthermore, 



Proposition 40. With the canonical isomorphism between fio^ aPid 
P{AcT* M) described in Sec. 7.2.1, the inner product on fl^A is propor- 
tional to the Riemannian inner product on p-forms, 



(wi,W2)„ =(-!)■ 



^2h/2] + l-n^-n/2 

nP{n/2) 



Wl A* W2 , 



IM 



V Wi, W 2 G ^2P,A ~ P{AcT*M) . 



(7.96) 



Proof. If T G fl^A and p G P(Cp), with 7t(T) = 'y(p), we have that PpTr{T) = 
'Y(lo) G Tip, with w the component of p in P(Cp 0 Cp~^). Using the trace 
theorem 31, we get 



® In fact, in the commutative situation, the regularity condition does not play 
a crucial role. On a manifold of dimension n, the pseudo-differential operator 
[T, |D|“"], with T the image of a section of the Clifford bundle, is of order n — 1 
and its Dixmier trace vanishes (see Sect. 6.3). As a consequence, the first of 
(7.91) and then (7.90) are automatically satisfied. 
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1 



n{2Try 

1 

n{2Try 

2l-n^-n/2 



IS*M 



tra-n{'y{uJi)*j{u!2)\D\ ”) 



if dO [ fr(7(a;i)*7(a;2)da 

aS"-! JM 



^^{n/2) 



S'*-! JM 

fr(7(wi)*7(w2))(ia; 



! M 



= (- 1 > 



2[n/2] + l—n^—n/2 

nr{n/2) 



UJi A* UJ2 • 



' M 



The last equality follows from the explicit (partially normalized) trace in the 
spin representation. Indeed, 



1 , ,(i) 



^0 ~ p!^/ri •••/!? 



A • • • A , j = l,2 



li^j) = a • • • a 7'^r = • • • e;(^7“! A • • • A 7“^ 

tr(7(u;i)*7(w2)) = ■■■7]' 

= (-l)P2[tl4V* , 



ar,br, 



(7.97) 



from which one finds tr( 7 (u;i)* 7 (w 2 ))dx = (— 1 )p2[”/^1wi A* t 02 ■ 
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As an example of the general situation, we shall start by describing the ana- 
logue of ‘electromagnetism’, namely the algebraic theory of connections (vec- 
tor potentials) on a rank one trivial bundle (with fixed trivialization) . 



8.1 Abelian Gauge Connections 

Suppose we are given a spectral triple (A, "H, D) from which we construct the 
algebra of forms. We also take it to be of dimension n. 

Definition 18. A vector potential V is a self-adjoint element of The 

corresponding field strength is the two-form 9 € f2f,A defined by 

e = dV+V^ . ( 8 . 1 ) 

Thus, V is of the form V = aj[D,bj], aj,bj G A with V self-adjoint, 
V* = V. Notice that, although V can be written in several ways as a sum, 
its exterior derivative dV € f2^A is defined unambiguously. It can though be 
written in several ways as a sum, dV = ’^j[D,aj][D,bj], modulo junk. The 
curvature 6 is self-adjoint as well. It is evident that V'^ is self-adjoint if V is. 
As for dV, we have, 

dV - {dVr =J2[D,a,][D,bj]-J2iDMD^a*] ■ (8-2) 

3 3 

Since F* = - Y.j[D, b^]a* = - Y.j[D, b*a*] + E, b*[D, a*] and = 0, 

we get that the following is a junk 2-form, 

= dV- dV* = J2{D,a,][D,bj] - J2[D,b*][D,a*] . (8.3) 

j 3 

But j 2 is just the right-hand side of (8.2), and we infer that, modulo junk 
forms, dV = {dV)* . 

Since the algebra A is taken to be a unital *-algebra, it makes sense to 
consider the group U (A) of unitary elements of A, 
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U{A) ='■ {u & A \ uu* = u*u = 1} . (8-4) 

This group provides the (infinite dimensional group of) gauge transforma- 
tions. 

Definition 19. The unitary group U{A) acts on the vector potential V with 
the usual affine action 

{V, u) — ^ =: uVu* + u[D, M*] , u G U{A) . (8.5) 

The field strength 9 will then transform with the adjoint action, 
r = -h (t4“)2 

= duV u* + udVu* — uV du* + du[D, u*] + uV^u* + 

+ uV[D, u*] + u[D, u*]uVu* + u[D, u*]u[D, u*] 

= u{dV + V‘^)u* , (8.6) 

where we have used the relations du = [D,u] and udu* + {du)u* = 0; the 
latter follows from u*u = I. Thus, 

(6», u) — ^ 6»“ = u9u* , u G U{A) . (8.7) 

We can now introduce the analogue of the Yang-Mills functional. 



Proposition 41. 1. The functional 

YM{V) =: {dV + V^,dV + V‘^)^ , (8.8) 

is positive, quartic and invariant under gauge transformations 

V — > V" =: uVu* + ulD,u*] , u € U(A) . (8.9) 

2. The functional 

I{a) =: truiffi^Sa + a^))‘^\D\~'^) , (8.10) 

is positive, quartic and invariant on the space {a G f2^A \ a = a*}, under 
gauge transformations 

a — > a“ =: uau* T- uSu* , u G U{A) . (8.11) 



3. 



YM{V) = inf {/(a) | 7r(a) = V} . (8.12) 



Proof. Statements 1. and 2. are consequences of properties of the Dixmier 
trace and of the fact that both dV + V'^ and Sa + transform ‘covariantly’ 
under gauge transformations. As for statement 3., it follows from the nearest- 
point property of an orthogonal projector: as an element of TL 2 , dV + is 
equal to P{Tr{da + a^)) for any a G il^A such that 7r(a) = V. Since the 
ambiguity in TT{Sa) is exactly n{S{Jo fl f2^A), one has established 3. 
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Point 3. of Prop. 41 just states that the ambiguity in the definition of the 
curvature 9 = dV + can be ignored by taking the infimum YM{V) = 
Inf {truj9‘^\D\~"‘} over all possibilities for 9 = dV+V^, the exterior derivative 
dV = ^j[D,aQ]i^’^i] being ambiguous. 

As already mentioned, the module £ = A\s just the analogue of a rank 
one trivial bundle with fixed trivialization so that one can identify the module 
of sections of the bundle with the complex-valued functions on the base. 



8.1.1 Usual Electromagnetism 

For the canonical triple {A,TL,D) over the manifold M, consider a 1-form 
V G A^(M) and a universal 1-form a G 12^ A such that cri(7r(a)) = V. 
Then a2(7r(Sa)) = dMV . From proposition 37, for any two such a’s, the 
corresponding operators Tr{5a) differ by an element of 7 t( 5( JoFlU^A) = kera 2 - 
Then, by using (7.96) 

YM{V) = inf {1(a) \ 7r(a) = V} = {dMV,dMV)^ 

2[n/2] + l-n^-n r 

= „r(n/2) J "‘'"‘'ll 

which is (proportional to) the usual abelian gauge action. 



8.2 Universal Connections 

We now introduce the notion of a connection on a (finite projective) mod- 
ule. We shall do it with respect to the universal calculus f2A introduced 
in Sect. 7.1 as this is the prototype for any calculus. So, to be precise, by 
a connection we really mean an universal connection although we drop the 
adjective universal whenever there is no risk of confusion. 

Definition 20. A (universal) connection on the right A-module £ is a <C- 
linear map 

V : f 0,4 UM ^ f , (8.14) 

defined for any p> 0, and satisfying the Leibniz rule 

V{up) = (Vu)p+ (-l)Pu6p , V uj g£0a^^^A , pG nA . (8.15) 

In this definition, the adjective universal refers to the use of the universal 
forms and to the fact that a connection constructed for any calculus can be 
obtained from a universal one via a projection much in the same way as any 
calculus can be obtained from the universal one. In Proposition 45 we shall 
explicitly construct the projection for the Connes’ calculus. 
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A connection is completely determined by its restriction V : f — >■ f f2^A, 
which satisfies 



V(? 7 a) = (V? 7 )a + ?7 Sa , V r/ € £ , a € A . (8.16) 

This is then extended by using the Leibniz rule (8.15). 

Proposition 42. The composition, 

= V o V : f 0,4 ^ f , (8.17) 

is f2A-linear. 

Proof. By condition (8.15) one has 

V^{u>p) = V{{Voj)p+{-l)Pu;Sp) 

= {V^uj)p+ {-l)P+^{Vui)Sp+ {-l)P{Vui)Sp + ljS^P 
= {V‘^oj)p . (8.18) 

The restriction of to £ is the curvature 

0:£^£(£)An‘^A, (8.19) 

of the connection. By (8.15) it is A-linear, 9{pa) = 0{p)a for any p G £, a £ A, 
and satisfies 

V^(?7 (g)^ p) = 9{p)p , y p £ £ , p £ £2A . (8.20) 

When the algebra A is commutative one can make sense of a Bianchi 
identity [114]. If A is commutative the space End^£ can be given a right 
A-module structure and one introduces the module Endj\£ (g)^ £2A . Then, 
since £ is projective, any A-linear map : £ ^ £ (g)^ f?A can be thought 
of as a matrix with entries in £2A or as an element in Endy^£ (g )_4 £2A. In 
particular, the curvature 9 can be thought of as an element of Endj\,£®j\,fi^A. 
Furthermore, by viewing any element of End^£ (g)^ £2 A as a map from £ into 
£ (g)^ f2A, the connection V on £1 determines a connection [V, • ] on End^£ 

by 

[V, • ] : Endj,£ (g)^ £2PA — >■ Endj,£ (g)^ QP'^^A , 

[V, o;]=:Voa — aoV, VaS Endj^£ (g)^ (8.21) 



Proposition 43. With the algebra A commutative, the curvature 9 satisfies 
the following Bianchi identity, 

[V,6l] = 0. (8.22) 

Proof. Since 9 : £ ^ f?^A, the map [V, 9] makes sense. Furthermore, 



[V, 6»] = V o o V = = 0 . 



(8.23) 




8.2 Universal Connections 



127 



Connections always exist on a projective module. To start with, let us 
consider the case of a free module S = -4 ~ . Forms with values 

in A can be identified canonically with 

Oc ^2-4 = (C^ Oc -4) QA ~ . (8.24) 

Then, a connection is given by the operator 

Vo = I O (5 : Oc ^ Oc . (8.25) 

If we think of Vq as acting on {QA)^ we can represent it as the operator 
Vo = {S,S, - ■ ■ ,S) (fV-times). 

Consider a generic projective module E, and let p : A E and 

A : E C)c A be the corresponding projection and inclusion maps as in 

Sect. 4.2. On E there is a connection Vq given by the composition 

E®a^^A a <C^®c^^A ^ (8.26) 

where we use the same symbol to denote the natural extension of the maps 
A and p to £i-valued forms. The connection defined in (8.26) is called the 
Grassmann connection and is explicitly given by 

Vo =po (I(g)<j) o A . (8.27) 

In what follows, we shall simply indicate it by 

Vo=p5. (8.28) 

In fact, it turns out that the existence of a connection on the module E is 
completely equivalent to its being projective [50]. 

Proposition 44. A right module has a connection if and only if it is projec- 
tive. 

Proof. Consider the exact sequence of right Al-modules 

0 — >E(E)a G^A E®cA E — ^0, (8.29) 

where j{r]6a) = rj®a — pa and m{p 0 o) = pa; both of these maps are 
(right) Al-linear. Now, as a sequence of vector spaces, (8.29) admits a splitting 
given by the section sq(?7) = 77 0 1 of m, m o sq = ids. Furthermore, all such 
splittings form an affine space which is modeled over the space of linear maps 
from the base space E to the subspace j{E G^A). This means that there 
is a one to one correspondence between linear sections s : E ^ E (gic A of m 
{ mo s = ids ) and linear maps V : E ^ E f2^A given by 

s = so+JoV, 5 ( 77 ) = ?7 (g) 1 + j(V? 7 ) , WpGE. (8.30) 
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Since 



5(770) — 5(77)0 = 770 01 — 77(8)0 + jC^irja)) — j{'V{r]))a 

= j(V(?7a) - V(t 7 )o - rjSa) , (8.31) 

and as j is injective, we see that V is a connection if and only if 5 is a right 
^-module map, 

V(t 7 o) — V(t 7 )o — 77<5o = 0 <+> 5(770) — 5(77)0 = 0 . (8.32) 

But such module maps exist if and only if £ is projective: any right module 
map s : £ ^ £ 0c such that tti o 5 = If identifies £ with a direct summand 
of the free module £ 0c A, where the corresponding idempotent is p = som. 

The previous proposition also says that the space CC{£) of all universal 
connections on £ is an affine space modeled on Endj^£ 0^ £2^ A. Indeed, if 
Vi, V 2 are two connections on £, their difference is ^-linear, 

(Vi - V 2 )(t 7 o) = ((Vi - V 2 )(t 7 ))o , V 77 G , o G ^ , (8.33) 

so that Vi — V 2 G Endj^^®j^£2^A. By using (8.28) and (4.28) any connection 
can be written as 

V=p5 + a, (8.34) 

where a is any element in End_A£ 0^ £2^A ~ Mtv(.4) 0^ f?^A such that 
a = ap = pa = pap; here p is the idempotent which identifies £ as £ = pA ^ . 
The matrix of 1-forms a as in (8.34) is called the gauge potential of the 
connection V. For the corresponding curvature 0 of V we have 

9 = pda + a^ + pSpSp . (8.35) 



Indeed, 

0 ( 77 ) = V^{rj) = {p6 + a){pSp + arj) 

= p6{pSp) + pS{ap) + apSrj + a^r] 

= p6{pSp) + pSarj + a^p 

= {p6pSp + pSa + a^){p) , (8.36) 

since, by using pp = p and = p, one has that 

pS{p6p) = p6{p6{pp)) 

= pS{pSpp + p6p) 

= pSpSpp — p5p6p + pSpSp 
= p6p6pp . (8.37) 

With any connection V on the module £ there is associated a dual eon- 
nection V on the dual module £' . Notice first, that there is a pairing 
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S' xS — >A, , (8.38) 

which, due to (4.22), with respect to the right-module structure on S' (and 
taking ^ to be a *-algebra) has the following property 

{(j) ■ a,rj ■ b) = r])b , V (f>G S', rjGS, a, b^A. (8.39) 

Therefore, it can be extended to maps 

(•, •) : S' nA X S — ^ A , 

(•, •) : S' X S HA — A , 

for any 4> G S' ;rj G S] and a,P G S7A. 

Let us suppose now that we have a connection V on S. The dual connec- 
tion 

V : S' ^ S' , (8.41) 

is defined by 

5{(l>,ri) = + ^ <l> G S' , r] G S . (8.42) 

It is easy to check the right-Leibniz rule 

V'(^ • a) = (VV)a -b ^ 5a , W (j)GS' ,aGA . (8.43) 

Indeed, for any (j) G S',a G A, and rj G S,hy using (8.39), (8.42), (7.29) and 
(8.40) respectively, we have 

6{(j>-a,r)) = -(V'((() ■ a), T]) + {(/)■ a, V'ry) 

Sa*{(j), rf) + a*S{(j), -q) = -(V'((() ■ a),r]) + a*{(j), Vq) 

Sa*{(j}, q) - a*5{V'(j), -q) = -(V'((() ■ a),q) 

-(5a)*(((), q) - a*5{V4>, -q) = ■ a),q) 

{(j) 5a, q) + ((V'^) ■a,'q) = (V'(^ -a),q) , (8.44) 

from which (8.43) follows. 



{(t)-a,T]) = a*{<p,r]) , 

{(!),q- (3) = {<j),ri)l3 , ( 8 . 40 ) 



8.3 Connections Compatible with Hermitian Structures 

Suppose now that we have a Hermitian structure (•,•) on the module S as 
defined in Sect. 4.3. A connection V on £1 is said to be compatible with the 
Hermitian structure if the following condition is satisfied [34], 

-(Vr?,e) + (r7,VC)=5(r?,^) , \/q,^GS. (8.45) 

Here the Hermitian structure is extended to linear maps (denoted with the 
same symbol) : S f2^A x S ^ f2^A and : f2^A S x S ^ S2^A by 
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(r?(g)^w,0 =u)*{r],^) , 

= {ri,^)oj , y r],^ G £ , to G f2^A . (8.46) 

Also, the minus sign on the left hand side of eq. (8.45) is due to the choice 
(Jo)* = —6a* which we have made in (7.29). 

Compatible connections always exist. As explained in Sect. 4.3, any Her- 
mitian structure on £1 = pA^ can be written as {r],^) = with 

rj = prj = (rji, • • • , ppf) and the same for Then the Grassman connection 
(8.28) is compatible, since 

N 

Hv,0 = 

i=i 

N N N N 

= H H H 

i=i i=i i=i i=i 

= - {Sv,pO + {pv,50 
= - (pSvA) + {v,pS0 

= -{^oV,0 + iv.^oO ■ (8.47) 

For a general connection (8.34), the compatibility with the Hermitian struc- 
ture reduces to 

{arj, 0 - (^7, aC) = 0 ) V r?, ^ G £1 , (8.48) 

which just says that the gauge potential is Hermitian, 

a* = a . (8.49) 

We still use the symbol CC{£) to denote the space of compatible universal 
connections on £. 



8.4 The Action of the Gauge Group 

The group U{£) of unitary automorphisms of the module £, defined in (4.29) 
plays the role of the infinite dimensional group of gauge transformations. 
Indeed, there is a natural action of such a group on the space CC{£) of 
universal compatible connections on £. It is given by 

(u, V) — ^ V“ =: uVu* , V u G U{£), V G CC{£) . (8.50) 

It is then straightforward to check that the curvature transforms in a covari- 
ant way 

(u, 0) ^ r =: , (8.51) 

since, evidently, = (V“)^ = uVu*uVu* = = uOu* . 

As for the gauge potential, one has the usual affine transformation 
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{u, a) — >■ a“ =: upSu* + uau* . (8.52) 

Indeed, for any rj € S, 

V^{rj) = u{pS + a)u*r] = upS{u*rj) + uau*rj 

= pu{u* 5rj) + up{5u* rf) + uau* using up = pu 
= pSr] + {up5u* + uau*)rj 

= {p6 + a“)77 , (8.53) 

which yields (8.52) for the transformed potential. 



8.5 Connections on Bimodnles 

In constructing gravity theories one needs to introduce the analogues of linear 
connections. These are connections defined on the bimodule of 1-forms which 
plays the role of the cotangent bundle. Since this module is in fact a bimodule, 
it seems natural to exploit both left and right module structures. In fact, to 
discuss reality conditions and curvature invariants the bimodule structure is 
crucial. 

We refer to [66] for a theory of connection on central bimodules. An 
alternative idea which has been proposed (in [123] for linear connections and 
in [64] for the general case) is that of a ‘braiding’ which, by generalizing the 
permutation of forms, flips two elements of a tensor product so as to make 
possible a left Leibniz rule once a right Leibniz rule is satisfied. 

Let £ be an A-bimodule which is left and right projective, and endowed 
with a right connection, i.e. a linear map 'V : £ ^ £ f2^A which obeys 
the right Leibniz rule (8.16). 

Definition 21. Given a bimodule isomorphism, 

a : £2^ A ^ £2^ A , (8.54) 

the couple (V, a) is said to be compatible if and only if a left Leibniz rule of 
the form 



V{ari) = a{\7rj) + a{Sa p) , a £ A , p £ £ . (8.55) 



is satisfied. 

We see that the role of the map cr is to bring the one form Sa to the ‘right 
place’. Notice that in general a needs not square to the identity, a o a ^ 1. 
In [64] cr is identified as the symbol of the connection. 

To get a bigger space of connections a weaker condition has been proposed 
in [51] where the compatibility condition has been required to be satisfied only 
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on the center of the bimodule. We recall, first of all, that the center Z{S) of 
a bimodule £ is the bimodule defined by 

Z{£) =: {rj £ £ \ arj = rja , Va G A} . (8.56) 

Now, let be a left connection, namely a linear map : £ — >■ £ 

satisfying the left Leibniz rule 

V^{ani) = aS/^rj + 6a r] , y a G A, r] G E . (8.57) 

Likewise let be a right connection, i.e. a linear map : £ ^ £ fi^A 
satisfying the right Leibniz rule 

V^{rja) = (y^ri)a + t] (g )_4 Sa , V a € A, rj G E. (8.58) 



Definition 22. With a a bimodule isomorphism as in (8.54), « (V^> V’^) 

is said to be a-compatible if and only if 

= (cr o V^)t 7 , yr]GZ{£). (8.59) 

By requiring that the condition = cr o be satisfied on the whole bi- 
module £, one can equivalently think of a pair (V^, V^) as a right connection 
fulfilling the additional left Leibniz rule (8.55) and so reproducing the 
previously described situation.^ 

It should be mentioned that whereas Definition 21 is compatible with 
tensor products over the algebra. Definition 22 does not enjoy this property. 

Several examples of gravity and Kaluza-Klein theories which use the bi- 
module structure of £ = f2^A have been constructed: see [116, 119] and 
references therein. 

In Chap. 10, we shall describe gravity theories which use only one struc- 
ture (the right one, although it would be completely equivalent to use the 
left one). In this context, the usual Einstein gravity has been obtained as a 
particular case. 



^ In [50] a connection on a bimodule is also defined as a pair consisting of a left 
and right connection. There, however, there is no cr-conipatibility condition while 
the additional conditions of being a right Gl-homomorphism and being a 
left .4-homomorphism are imposed. These latter conditions, are not satisfied in 
the classical commutative case where Z(£) — £ — 
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In this section we shall describe how to construct field theoretical models in 
the algebraic noncommutative framework developed by Connes. Throughout 
this Section, the basic ingredient will be a spectral triple {AyH, D) of dimen- 
sion n. Associated with it there is the algebra QdA = of forms, with 

exterior differential d, as constructed in Sect. 7.2. 



9.1 Yang-Mills Models 

The theory of connections on any (finite projective) A-module £, with respect 
to the differential calculus d) is, mutatis mutandis, formally the same 

as the theory of universal connections developed in Sect. 8.2. 

Definition 23. A connection on the A-module £ is a C-linear map 

V : S^A^^d^A , (9.1) 

satisfying the Leibniz rule 

V{ujp) = (Vw)p-I- {—lYujdp , M ijj & £ Q^A , p £ f2nA . (9.2) 

The composition = Vo V : £ f2^A f2^^A is flu A- linear and 

its restriction to £ is the curvature F : £ ^ £ ©_4 f2]jA of the connection. 
The curvature is A linear, F(rja) = F(r])a, for any p £ £, and a £ A, and 
satisfies, 

'^^(V^A p) = F(p)p , M p £ £ , p £ UdA . (9.3) 

As was mentioned before, connections always exist on a projective module. 
li £ = pA^ , it is possible to write any connection as 

V=pd + A, (9.4) 

where A is any element in EndA£ £2\)A ~ M_ 4 (A) £2\jA such that 

A = Ap = pA = pAp. The matrix of 1-forms A is called the gauge potential 
of the connection V. For the corresponding curvature F we have 

F = pdA + A^ + pdpdp . (9.5) 



G. Landi: LNPm 51, pp. 133-150, 2002. 
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The space C{6) of all connections on S is an affine space modelled on the 
space End_A£ (Si a 

The compatibility of the connection V with respect to a Hermitian struc- 
ture on S is expressed exactly as in Sect. 8.3, 

-i^v,0 + {v,^0=d{v,0 , V77,^g£:. (9.6) 

As before, the Hermitian structure is extended to linear maps 

£ (g)^ f2]jA X £ ^ [2jyA , {rj (g)^ w, = co* (r?, , 

f2]jA (g)^ £ X £ ^ f2jyA , {rj, ^ (g)^ to) = {rj, x) oj , 

V r],^ € £, to € fi\iA . (9.7) 

The connection (9.4) is compatible with the Hermitian structure = 

Vj^j on £ = pA^ i'll = (’ll) ■ • • ) Vn) = PV and the same for ^), provided 
the gauge potential is Hermitian, 

A* =A . (9.8) 

The action of the group £((£) of unitary automorphisms of the module £ 
on the space C(£) of compatible connections on £ is given by 

(u, V) — ^ V“ =: uVu* , Vug U(£), V G C(£) . (9.9) 

Hence, the gauge potential and the curvature transform in the usual way 

(u. A) — A“ = u[pd + A\u* , (9.10) 

(u,F) — >F'^=-.uFu*, yu€U{£). (9.11) 

The following proposition clarifies in which sense the connections defined 
in 20 are universal. 

Proposition 45. The representation it in (7.37) can he extended to a sur- 
jective map 

KStt : CC{£) ^ C{£) ; (9.12) 

consequently, any compatible connection is the composition of tt with a uni- 
versal compatible connection. 

Proof. By construction, tt is a surjection from f2^A to 7r(f?^A) ~ £2]jA. Then, 
we get a surjection I(g)7r : FndA£®A^^^ FndA£®A^\>-^- Finally, define 
I (g) 7t(p o 5) = po dto get the desired surjection : CC{£) — C{£). 

By using the Hermitian structure on £ together with an ordinary matrix 
trace over ‘internal indices’, one can construct an inner product on FndA£. 
By combining this product with the inner product on f2f)A given in (7.92), 
one then obtains a natural inner product ( , )2 on the space FndA£‘S>A^D-^- 
Since the curvature F is an element of such a space, the following definition 
makes sense. 
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Definition 24. The Yang-Mills action for the connection V with curvature 
F is given by 

YM(y) = {F,F)^ . (9.13) 

By its very construction it is invariant under the gauge transformations of 
(9.10) and (9.11). 

Consider now the tensor product £ ®aTL. This space can be promoted to 
a Hilbert space by combining the Hermitian structure on £ with the scalar 
product on TL, 

=■ ii’iAvi^'n2)'ip2) , yr]i,V2&£, g "H . (9.14) 

By using the projection (7.37) we get a projection 

If 0 7T : — 1- B{£ TL) , (9.15) 

and an inner product on (I^ 0 tt) {£ given by 

{Ti,T2)p = tr^TfT2\l£ 0 D|-” , (9.16) 

which is the analogue of the inner product (7.92). The corresponding orthog- 
onal projector P has a range which can be identified with £ fi^A. 

If G CC{£) is any universal connection with curvature one 
defines a pre- Yang-Mills action /(V„„) by, 

li^un) = tr^7:{eunf\l 0 D\~^ . (9.17) 

One has the analogue of proposition (41). 

Proposition 46. For any compatible connection V G C{£), one has that 

YM{V) = inf{I{Vuu) I 7t(V,„) = V} . (9.18) 

Proof. The proof is analogous to that of Proposition 41. 

It is also possible to define a topological action and extend the usual 
inequality between Chern classes of vector bundles and the value of the Yang- 
Mill action on an arbitrary connection on the bundle. First observe that, from 
definition (9.13) of the Yang-Mills action functional, if D is replaced by \D, 
then YM{V) is replaced by |A|‘*“"YM(V). Therefore, it has a chance of being 
related to ‘topological invariants’ of finite projective modules only if n = 4. 
Let us then assume that our spectral triple is four dimensional. We also need 
it to be even with a Z 2 grading F. With these ingredients, one defines two 
traces on the algebra f2^A, 

T(aoSai ■ ■ ■ 604) = tryj(ao[D, oi] • • • [D, ai]|D|“‘*) , aj € A 
(!>{aQ5ai- ■ ■ 804) = tryj{FaQ[D,ai]- ■ ■[D,ai]\D\~^) , aj & A . (9.19) 
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By using the projection (9.15) and an ‘ordinary trace over internal indices’ 
and by substituting F with 0 T and with the previous 

traces can be extended to traces t and <P on Endj,£ Then, by the 

definition (9.17), one has that 

/(V„„) = ?(C) , V V„„ G CC{£) , (9.20) 

with 9un the curvature of V„„. Furthermore, since the operator ± T is 
positive and anticommutes with one can establish an inequality 

[34] 

r(0>l<^(0l, VV„„gCC(£:). (9.21) 

In turn, by using (9.20) and (46), one gets the inequality 

YM{V) > \${el^)\ , 7t(V„„) = V . (9.22) 

It turns out that is ^ closed cyclic cocycle and its topological 

interpretation in terms of topological invariants of finite projective modules 
follows from ^he pairing between iF-theory and cyclic cohomology. Indeed, 
the value of (P does not depend on the particular connection and one could 
evaluate it on the curvature 9q = pdpdp of the Grassmannian connection. 
Moreover, it depends only on the stable isomorphism class [p] G Kq{A). 
We refer to [34] for details. In the next section, we shall show that for the 
canonical triple over an ordinary four dimensional manifold, the term ^{9^„) 
reduces to the usual topological action. 

9.1.1 Usual Gauge Theory 

For simplicity we shall consider the case when n = 4. For the canonical 
triple {A,TL, D, r) over the (four dimensional) manifold M, as described in 
Sect. 6.5, consider a matrix A of usual 1-forms and a universal connection 
V = pS + a such that CTi(7r(a)) = 7(A). Then P{tt{ 9)) = P{Tr{Sa + a^)) = 
7(F) with F = dMA + AAA. On making use of eq. (7.96), with an additional 
matrix trace over the ‘internal indices’, we get 

YM{A) = inf {1(a) \ 7r(a) = A\ 

= (9,23) 

This is the usual Yang-Mills action for the gauge potential A. 

More explicitly, let a = fjSgj- Then, we have 

7t(q;) = 7^A^ , Af, = Y^ fjd^gj , 

3 

P(7r{Sa + a")) = 7'^"^^. , 7^^" = - 7^7^) ■ (9-24) 

^ We recall that P commutes with elements of A and anticommutes with D. 
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By using the trace theorem 31 again, (with an additional matrix trace Tr 
over the ‘internal indices’) one gets 

YM{A) =: ^ J^tr{r’'YnTr{F^,Fp,)dx 

=■■ ^ 1^9^^ g''^Tr{F^,F,,)dx 

With the same token, we get for the topological action 

Top{A) =: ^ l^tr{rr''inTr{F^.F,,)dx 

=--J^ [ e^^’'P^Tr{F^^Fp^)dx 

Jm 

which is the usual topological action. 

Here we have used the following (normalized) traces of gamma matrices 

trin'^Yin = (9.27) 

tr{Fjf^j’'Y-f‘^) = . (9.28) 

9.1.2 Yang-Mills on a Two-Point Space 

We shall first study all modules on the two-point space Y = {1,2} described 
in Sect. 6.7. The associated algebra is .4 = C © C. The generic module S 
will be of the form £ = pA^^, with rii a positive integer, and p a, rii x rii 
idempotent matrix with entries in A. The most general such idempotent can 
be written as a diagonal matrix of the form 



p = diag[(l, 1), • • • , (1, 1), (1, 0), • • • , (1, 0)] , (9.29) 

' V ^ ' V ^ 

ni ni— ri2 

with ri 2 < ni. Therefore, the module £ can be thought of as ni copies of C 
on the point 1 and ri 2 copies of C on the point 2, 

f = C”i © C”" . (9.30) 

The module is trivial if and only if n\ = n-i- There is a topological number 
which measures the triviality of the module and that, in this case, turns out to 
be proportional to ni — U 2 . From eq. (9.5), the curvature of the Grassmannian 
connection on £ is just Fq = pdpdp. The aforementioned topological number 
is then 
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c{£) =: irFF^ = trF{pdpdpY = trFp{dp)'^ . (9.31) 

Here T is the grading matrix given by (6.77) and, as the spectral triple is 
0-dimensional, the Dixmier trace reduces to an ordinary trace. ^ This is really 
the same as the topological action ^(0^„) encountered in Sect. 9.1. It takes 
a little algebra to find that, for a module of the form (9.30), one has 

c{£) = tr{M* — n 2 ) , (9.32) 

where M is the matrix appearing in the corresponding operator D as in 
(6.76). 



Let us now turn to gauge theories. First recall that from the analysis of 
Sect. 7.2.2 there are no junk forms and that Connes’ forms are the images 
of universal forms through tt, QdA = Tr(f2A) with tt injective. We shall 
consider the simple case of a ‘trivial 1-dimensional bundle’ over Y, namely 
we shall take as the module of sections just £ = A. A vector potential is then 
a self-adjoint element A G f2jyA and is determined by a complex number 



<PgC, 



0 <PM* 
<PM 0 



(9.33) 



If a is the universal form such that 7r(a) = A, then 



a = —d>e5e — — e)S{l — e) , 



(9.34) 



and its curvature is 



Sa + = -{^ + <P + \<P\^)6e6e . (9.35) 

Finally, the Yang-Mills curvature turns out to be 



YM{A) =: trniSa + = 2tr{M*Mf (|<l> -h Ip - 1)^ . (9.36) 



The gauge group U{£)\s the group of unitary elements of A, namely the group 
U{£) = U{1) X U{1). Its elements can be represented as diagonal matrices. 
Indeed, for u G [/(!) x U{1), 

\uif = l, |m 2 |" = 1. (9.37) 

Its action, = uAu* + udu* , on the gauge potential results in multiplication 

by ulu 2 on the variable d’ +1, 



ui 0 
0 U2 



= (^ + l)ulu2 , 



(9.38) 



and the action (9.36) is gauge invariant. 



In fact, in (9.31), F is really I ® F. 



2 
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We see that in this example the action, YM{A), reproduces the usual situa- 
tion of broken symmetry for the ‘Higgs field’ ^ -h 1 : there is a S'^-worth of 
minima which are acted upon nontrivially by the gauge group. This fact has 
been used in [47] in a reconstruction of the Standard Model. The Higgs field 
has a geometrical interpretation: it is the component of a gauge connection 
along an ‘internal’ discrete direction made up of two points.^ 



9.2 The Bosonic Part of the Standard Model 

There are excellent review papers on the derivation of the Standard Model 
using noncommutative geometry. In particular one should consult [152, 118] 
and [99] and we do not feel the need to add more to these. Rather we shall 
only give an overview of the main features. Here we limit ourselves to the 
bosonic content of the model while postponing to the following sections the 
description of the fermionic part. 

In [47], Connes and Lott computed the Yang-Mills action YM{V) for a 
space which is the product of a Riemannian spin manifold M by a ‘discrete’ 
internal space Y consisting of two points. One constructs the product, as 
described in Sect. 6.9, of the canonical triple {C°° (M), S), Ds, F^) on 

a Riemannian four dimensional spin manifold with the finite zero dimensional 
triple (C©C,"Hi (B'H 2 ,Dp) described in Sects. 6.7 and 9.1.2. The product 
triple is then given by 

A =: © (C © C) ~ C“(M) © C“(M) , 

n =: L^{M, S) © CHi © -Ha) ^ L^{M, 8)®%!® L^{M, S)®H2 , 

D =: Ds®I+ Dp . (9.39) 

A nice feature of the model is that one has a geometric interpretation of the 
Higgs field which appears as the component of the gauge field in the internal 
direction. Geometrically one has a space M xY with two sheets which are at 
a distance of the order of the inverse of the mass scale of the theory (which 
appears in the operator Dp for the finite part as the parameter M). The 
differentiation in the space M x Y consists of differentiation on each copy 
of M together with a finite difference operation in the Y direction. A gauge 
potential A decomposes as a sum of an ordinary differential part and 

a finite difference part A(°4) which turns out to be the Higgs field. 

To get the full bosonic standard model one has to take for the finite part 
the algebra [35] 

= C©H©M3(C) , (9.40) 

® One should mention that the first noncommutative extension of classical gauge 
theories in which the Higgs fields appear as components of the gauge connec- 
tion in the ‘noncommutative directions’ was produced in the framework of the 
derivation based calculus [62]. 
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where HI is the algebra of quaternions. The unitary elements of this algebra 
form the group 17(1) x SU(2) x 17(3). The finite Hilbert space Hf is the 
fermion space of leptons, quarks and their antiparticles Hf — © Hp = 

'H'l © Hq © Hj © . As for the finite Dirac operator Df is given by 

TO’ 

Df= qy , (9.41) 

with Y an off-diagonal matrix which contains the Yukawa couplings. The real 
structure Jf defined by 

= y {^,v)&n+(Bnp, (9.42) 

exchanges fermions with antifermions and it is such that 

Jp = 1 , 

FfJf + JfTf = 0 , 

DpJp — JpDp = 0 . (9.43) 

Next, one defines an action of the algebra (9.40) so as to meet the other 
requirements in the Definition 16 of a real structure. For the details on this 
we refer to [35, 118] as well as for the details on the construction of the full 
bosonic Standard Model action starting from the Yang-Mills action YM{V) 
on a ‘rank one trivial’ module associated with the product geometry 

A=: C°°(M)©Mf , 

n =: L^{M,S)®Uf , 

D=:Ds®l+r5®Dp. (9.44) 

The product triple has a real structure given by 

J = C®Jf, (9.45) 

with C the charge-conjugation operation on S) and Jp the real struc- 

ture of the finite geometry. 

The final model has problems, notably unrealistic mass relations [118] and a 
disturbing fermion doubling [113]. It is worth mentioning that while the stan- 
dard model can be obtained from noncommutative geometry, most models of 
the Yang-Mills-Higgs type cannot [145, 90, 112]. 

9.3 The Bosonic Spectral Action 

Recently, in [38, 37], Connes has proposed a new interpretation of gauge 
degrees of freedom as the ‘inner fluctuations’ of a noncommutative geom- 
etry. These fluctuations replace the operator D, which gives the ‘external 
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geometry’, hy D + A + J A J* , where A is the gauge potential and J is the 
real structure. In fact, there is also a purely geometrical (spectral) action, 
depending only on the spectrum of the operator D, which, for a suitable al- 
gebra (noncommutative geometry of the Standard Model) gives the Standard 
Model Lagrangian coupled to gravity. 

Firstly, we recall that if M is a smooth (paracompact) manifold, then 
the group Diff{M) of diffeomorphisms of M, is isomorphic with the group 
Aut{C°°{M)) of (*-preserving) automorphisms of the algebra C°°{M) [1]. 
Here Aut{C°°{M)) is the collection of all invertible, linear maps a from 
C°°{M) into itself such that a{fg) = a{f)a{g) and a(/*) = (a(/))*, for 
any f,g £ Aut{C°°{M)) is a group under map composition. The 

relation between a diffeomorphism ip G Diff(M) and the corresponding 
automorphism G Aut{C°°{M)) is via pull-back 

a^{f){x)=: f{p-\x)) , y fGC°^{M) , xGM . (9.46) 

If A is any noncommutative algebra (with unit) one defines the group 
Aut{A) exactly as before and V3(I) = I, for any p G Aut{A). This group is 
the analogue of the group of diffeomorphism of the (virtual) noncommutative 
space associated with A. Now, with any element u of the unitary group U (A) 
of A, U(A) = {u G A , uu* = u*u = I}, there is an inner automorphism 
a„ G Aut{A) defined by 



ctu{a) = uau* , V a G M . (9.47) 

One can easily convince oneself that «„• o o = lAut{A)i 

for any u G U{A). The subgroup Inn{A) C Aut{A) of all inner auto- 
morphisms is a normal subgroup. First of all, any automorphism will pre- 
serve the group of unitaries in A. If u G U{A) and p G Aut(A), then 
p(u)(p(u))* = p(u)p(u*) = p(uu*) = (/?(I) = I; analogously (p(u))*p(u) = I 
and p(u) G U(A). Furthermore, 

«¥>(«) = po OiuO p~^ G Inn{A) , W p G Aut{A) , o;„ G Inn{A) . (9.48) 

Indeed, with a G A, for any p G Aut{A) and G Inn{A) one finds 

a^(u){a) = p{u)ap{u*) 

= ‘P{u)<p{‘P~'^{a)p{u*) 

= p(up~^ (a)u*) 

= (po auo p~'^){a) , (9.49) 



from which one gets (9.48). 

We denote by Out{A) =: Aut{A) / Inn{A) the outer automorphisms. There 
is a short exact sequence of groups 

^Aut{A) — ^ Inn{A) — )> Aut{A) — Out{A) — f-Aut{A) ■ (9-50) 
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For any commutative A (in particular for A = C°°(M)) there are no non- 
trivial inner automorphisms and Aut{A) = Out{A) (in particular Aut{A) = 
Out{A) - Dtff(M)). 

The interpretation that emerges is that the group Inn{A) will give ‘in- 
ternal’ gauge transformations while the group Out{A) will provide ‘external’ 
diffeomorphisms. In fact, gauge degrees of freedom are the ‘inner fluctuations’ 
of the noncommutative geometry. This is due to the following beautiful fact. 
Consider the real triple {A,'H,tt^D), where we have explicitly indicated the 
representation tt of the algebra A on the Hilbert space T~L. The real structure 
is provided by the antilinear isometry J with properties as in Definition 16. 
Any inner automorphism G Inn{A) will produce a new representation 
TTu =: 7 T o of A in %. It turns out that the replacement of the representa- 
tion is equivalent to the replacement of the operator D by 

D^ = D + A + e'JAr , (9.51) 

where A = u[D, u*] and e' = ±1 from (6.80) according to the dimension of 
the triple. If the dimension is four, then e' = 1; in what follows we shall limit 
ourselves to this case, the generalization being straightforward. 

This result is so important and beautiful that we shall restate it as a Propo- 
sition. 

Proposition 47. For any inner automorphism a„ G Inn{A), with u unitary, 
the triples {A, T~L, tt, D, J) and {A,T~L, tt o a„, D + u[D, m*] -|- Ju[D, u*]J* , J) 
are equivalent, the intertwining unitary operator being given by 



U = uJuJ* . 



(9.52) 



Proof. Note first that 

UJU* = J . (9.53) 

Indeed, by using the properties, from the Definition 16, of a real structure, 
we have. 



UJU* = uJuJ*JJu*J*u* 

= ±uJuJ*u*J*u* 

= ±JuJ*uu*J*u* 

= J . (9.54) 

Furthermore, by dropping again the symbol tt, we have to check that 



UaU* = a„(a) , V a G A , 
UDU* = Du . 



(9.55) 

(9.56) 
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As for (9.55), for any a G ^ we have, 

UaU* = uJuJ*aJu*J*u* 

= uJuJ* Ju* J*au* by 2a. in Definition 16 

= uau* 

= a„(a) , (9.57) 

which proves (9.55). Next, by using properties 16. and 2a., 26. of Definition 16 
(and their analogues with J and J* exchanged) the left hand side of (9.56) 
is given by 



UDU* = uJuJ*DJu*J*u* 

= uJuDu* J*u* 

= uJu{u*D+[D,u*])J*u* 

= uJDJ*u* + uJu[D, u*]J*u* 

= uDu* + JJ*uJu[D,u*]J*u* 

= u{u*D + [D, w*]) + JuJ*uJ[D, u*]J*u* 

= D + u[D, u*] + Ju[D, u*]J*ujru* 

= D + u[D,u*] + Ju[D,u*]J* , 

(9.58) 



and (9.56) is proven. 

The operator is interpreted as the product of the perturbation of the 
‘geometry’ given by the operator D, by ‘internal gauge degrees of freedom’ 
given by the gauge potential A = u*[D,u]. A general internal perturbation of 
the geometry is provided by 

D ^ Da = D + A+ JAJ* , (9.59) 

where A is an arbitrary gauge potential, namely an arbitrary Hermitian op- 
erator, A* = A, of the form 

A = <ij[D, bj] , Qj, bj G A ■ (9.60) 

3 

Before proceeding, let us observe that for commutative algebras, the in- 
ternal perturbation A+ JAJ* of the metric in (9.59) vanishes. From what we 
said after Definition 16, for commutative algebras one can write a = Ja* J* 
for any a G A, which amounts to identifying the left multiplicative action by a 
with the right multiplicative action by Ja* J* (always possible if A is commu- 
tative). Furthermore, D is a differential operator of order 1, i.e. [\D, a], 6]] = 0 
for any a,b G A. Then, with A = aj[D, bj], A* = A, we get 
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JAJ* = Jaj[D, bj]J* = Y JajJJ*[D, bj]J* 

3 3 

= Y h\J* = E 

3 3 

= E“lio.i>;i = Y.^D,b-^a- 

3 3 

= -{a,Y[D,b,]T = -A* , 
j 

and, in turn, 

A + JAJ* = A- A* = 0 . 



(9.61) 



(9.62) 



The dynamics of the coupled gravitational and gauge degrees of freedom is 
governed by a spectral action principle. The action is a ‘purely geometric’ one 
depending only on the spectrum of the self-adjoint operator Da [38, 37, 26], 

SB{D,A)=trH{X{^)) . (9.63) 

Here tr-u is the usual trace in the Hilbert space H, Ais a, ‘cut off parameter’ 
and X is a suitable function which cuts off all eigenvalues of larger than 
T2. 

The computation of the action (9.63) is conceptually simple although 
technically it may be involved. One has just to compute the square of the 
Dirac operator with Lichnerowicz’ formula [11] and the trace with a suitable 
heat kernel expansion [83], to get an expansion in terms of powers of the 
parameter A. The action (9.63) is interpreted in the framework of Wilson’s 
renormalization group approach to field theory: it gives the bare action with 
bare coupling constants. There exists a cut off scale Ap which regularizes the 
action and where the theory is geometric. The renormalized action will have 
the same form as the bare one with bare parameters replaced by physical 
parameters [26]. 

In fact, a full analysis is rather complicated and there are several caveats [74]. 

In Chap. 10 we shall work out in detail the action for the usual gravi- 
tational sector while here we shall indicate how to work it out for a generic 
gauge field and in particular for the bosonic sector of the standard model. 
We first proceed with the ‘mathematical aspects’. 

Proposition 48. The spectral action (9.63) is invariant under the gauge ac- 
tion of the inner automorphisms given by 



A I— >■ =: uAu* u[D, t6*] , W u G Inn{A) . 



(9.64) 
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Proof. The proof amounts to showing that 

Dau = UDaU* , (9.65) 

with U the unitary operator in (9.52), U = uJuJ* . Now, given (9.64), it 
turns out that 

Da^ =: D + + JA“ J* 

= D + u[D, u*] + J[L>, u*]J* + uAu* + JuAu*J* 

= + uAu* + JuAu*J*. (9.66) 

In Proposition 47 we have already proven that = UDU*, eq.( 9.56). 
To prove the rest, remember that A is of the form A = aj [D, bj] with 
aj,bj G A. But, from properties 2a. and 26. of Definition 16, it follows that 
[A, Jc*J*] = 0, for any c G By using this fact and properties 2a. and 26. of 
Definition 16 (and their analogues with J and J* exchanged) we have that, 

UAU* = uJuJ*AJu*J*u* 

= uJuJ* Ju* J* Au* 

= uAu* . (9.67) 

U{JAJ*)U* = uJuJ*JAJ*Ju*J*u* 

= uJuAu*J*u*JJ* 

= uJuAJ*u*Ju*J* 

= uJuJ*u*JAu*J* 

= JuJ*uu*JAu*J* 

= JuAu*J* . (9.68) 

The two previous results together with ( 9.56) prove eq. (9.65) and, in turn, 
the proposition. 

We spend a few words on the role of the outer automorphisms. It turns 
out that the spectral action (9.63) is not invariant under the full Out{A) but 
rather only under the subgroup Out{A)~^ of ‘unitarily implementable’ ele- 
ments of Out{A) [39]. Indeed, given any element a G Out{A), by composition 
with the representation tt of ^ in H, one gets an associated representation 

7Tq =: 7T o Of : ^ 1 B{'H) . (9.69) 

The group Out{A)'^ is made of elements a G Out{A) for which there exists 
a unitary operator Ua on H such that, 

7T„ = C/„7t[/* . (9.70) 

For the canonical triple on a manifold M, the group Out{A)~^ can be 
identified with Diff{M). We have already mentioned that for A = C°°{M) 
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one has that Aut{A) = Out{A) ~ Diff{M), the last identification being 
given by pull-back, as in (9.46). We recall now that TL is the Hilbert space 
H = L'^{M,S]dfi{g)) of square integrable spinors, the measure dg,{g) being 
the canonical Riemannian one associated with the metric g on M. Given an 
element ip £ Diff{M), one defines a unitary operator Ucp on H by [79], 

1 

" ^{ip-\x)) , VipeH. (9.71) 



=: 



ip*dg{g){x) 



dg{g){x) \ 



The unitarity of follows from the invertibility of ip and the quasi-invariance 
of the measure dp{g) under diffeomorphisms. For any / £ C°°{M) it is 
straightforward to check that (by dropping the symbol tt) 

f u; = f o ip-^ =: aM) , (9.72) 

i.e. one reproduces (9.70). 



In the usual approach to gauge theories, one constructs connections on a 
principal bundle P ^ M with a finite dimensional Lie group G as structure 
group. Associated with this bundle there is a sequence of infinite dimensional 
(Hilbert-Lie) groups which looks remarkably similar to the sequence (9.50) 
[14, 148], 

I — > g — ^ Aut{P) — ^ Diff{M) — ^ I . (9.73) 

Here Aut{P) is the group of automorphisms of the total space P, namely 
diffeomorphisms of P which commute with the action of G, and Q is the 
subgroup of vertical automorphisms, identifiable with the group of gauge 
transformations, g ~ C°°(M, G). 

Thus, here is the recipe to construct a spectral gauge theory corresponding 
to the structure group G or equivalently to the gauge group g [26]: 

1. look for an algebra A such that Inn{A) ~ t/; 

2. construct a suitable spectral triple ‘over’ A\ 

3. compute the spectral action (9.63). 

The result will be a gauge theory of the group G coupled with the gravity of 
the diffeomorphism group Out{A) (with additional extra terms). 

For the standard model we have G = C/(l) x SU{2) x SU{5). It turns out 
that the relevant spectral triple is the one given in (9.44), (9.45). In fact, as 
already mentioned in Sect. 9.2, for this triple the structure group would be 
U{1) X SU{2) X G(3); however the computation of A -|- JAJ* removes the 
extra U{1) part from the gauge fields. The associated spectral action has been 
computed in [26] and in full detail in [89]. The result is the Yang-Mill-Higgs 
part of the standard model coupled with Einstein gravity plus a cosmological 
term, a Weyl gravity term and a topological term. Unfortunately the model 
still suffers from the problems alluded to at the end of Sect. 9.2: namely 
unrealistic mass relations and an unphysical fermion doubling. 
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9.4 Fermionic Models 

It is also possible to construct the analogue of a gauged Dirac operator by a 
‘minimal coupling’ recipe and to produce an associated action. 

If we have a gauge theory on the trivial module £ = A, as in Sec. 8.1, then 
a gauge potential is just a self-adjoint element A G which transforms 

under the unitary group U(A) by (8.5), 

(A,u) — > A’‘ = uAu* + u[D,u*] , Vu€U(A). (9.74) 

The following expression is gauge invariant, 

Imr(A, -ip) =: {ip, {D + A)iP) , V^/’ G Dom{D) dU , Ag f?}yA , (9.75) 

where the action of the group fY(.4) on "H is by restriction of the action of A. 
Indeed, for any ip gH, one has that 

{D + A^)uip = {D + u[D, M*] -I- uAu*)uip 

= D{uip) + u{Du* — u*D){uip) + uAip 
= uDu*{uip) + uAip 

= u{D + A)iP, (9.76) 

from which the invariance of (9.75) follows. 

The generalization to any finite projective module £ over A endowed with 
a Hermitian structure, needs extra care but it is straightforward. In this case 
one considers the Hilbert space £ % of ‘gauged spinors’ introduced in the 

previous section with the scalar product given in (9.14). The action of the 
group End_A{£) of endomorphisms of £ extends to an action on £ H by 

(p{rj ® Ip) =: ppq) ® ip , 'i p G End^{£) , rj®ipG£ % . (9.77) 

In particular, the unitary group U{£) yields a unitary action on £ "H, 

u{rj ® Ip) =: u{tP) ® Ip , uGU{£), rj ® ip G £ , (9.78) 

since 

{upqi ® ipi),u{r ]2 0 1 P 2 )) = {ipi, (u{r]i),u{r] 2 )) 1 P 2 ) 

= {■pl,{Vl,V2)'p2) 

= im ®'PiA2 ®ip2) , 

'i u gU{£) , iji^ipi G £ TL , i = 1, 2 . (9.79) 

If V : £ ^ £ £2]jA is a compatible connection on £, the associated 

‘gauged Dirac operator’ Dy on the Hilbert space £ H is defined by 

Dy{rj 1^1 Ip) = r] Dip + {{liSnT)Vunr])i’ j ^ , ipG'H, (9.80) 

where is any universal connection on £ which projects onto V. 
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li £ = pA^ , and = p5 + a, then the operator in (9.80) can be written 

as 

Hv = pD + 7r(a) , (9.81) 

with D acting component- wise on ®T~L. Since 7r(a) is a self-adjoint oper- 
ator, from (9.81), we see that Hv is a self-adjoint operator on £ % with 

domain £ DomD. Furthermore, since any two universal connections pro- 
jecting on V differ by oi — «2 G kerir, the right-hand side of (9.80) depends 
only on V. Notice that one cannot directly write (Vr])'ip since Vry is not an 
operator on £ H . 

Proposition 49. The gauged Dirac action 

/D»r(V, <T) =: {T, D^T) , T &£®^ DomD , V G C{£) , 

is invariant under the action (9.78) of the unitary group U{£). 

Proof. The proof goes along the same lines of that of (9.76). 

For any T G £ H, one has that 

{pD + 7r(a“))u<F = {pD -1- tt{u6u* + uau*))uT 

= pD{uT) + u{Du* — u* D){uT) + uTT{a)T 
= pD{uT) + pu{Du* — u* D){uT) + m:{a)T 
= puDu* {uT) + uTr{a)T 
= upDu* {uT) + uTr{a)T 
= u{pD + T:{a))T , 

which implies the invariance of (9.82). 

9.4.1 Fermionic Models on a Two-Point Space 

As a very simple example, we shall construct the fermionic Lagrangian (9.75) 
on the two-point space Y studied in Sects. 6.7 and 9.1.2, 

ID^r{A, f}) =: (V’, {D + A)f)) , VV’ G Dom{D) dU , A G . (9.84) 

As we have seen in Sect. 6.7, the finite dimensional Hilbert space H is a direct 
sum "H = Til © 7^2 and the operator D is an off-diagonal matrix 

’ 0 M*' 

D= ^ ^ , M e Lin{ni,n2) . (9.85) 

In this simple example Dom{D) = %. On the other hand, a generic gauge 
potential on the trivial module £ = Ais given by (9.33), 

[0 ■ 

[<PM 0 



(9.82) 



(9.83) 



4>G C . 



(9.86) 
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Summing up, the gauged Dirac operator is the matrix 



D + A = 



0 (1 + <I>)M* 

{1 + <P)M 0 



(9.87) 



which gives for the action ip) a Yukawa- type term coupling the fields 

(1 and Ip. This action is invariant under the gauge group = C/(l) x 

C/(l). 



9.4.2 The Standard Model 

Let us now put together the Yang-Mills action (9.13) with the fermionic one 
in (9.82), 

= (Fv, Fv)2 + DyW) , V V G C{£) , (9.88) 

F G f DomD . 

Consider the canonical triple on a Riemannian spin manifold. 

By taking S = A, the action (9.88) is just the Euclidean action of massless 
quantum electrodynamics, li S = A^ , the action (9.88) is the Yang-Mills 
action for U{N) coupled with a massless fermion in the fundamental repre- 
sentation of the gauge group U (N) [35] . 

In [47], the action (9.88) was computed for a product space of a Rieman- 
nian spin manifold M with a ‘discrete’ internal space Y consisting of two 
points. The result is the full Lagrangian of the standard model. An improved 
version which uses a real spectral triple and obtained by means of a spectral 
action along the lines of Sect. 9.3 will be briefly described in the next Section. 



9.5 The Fermionic Spectral Action 

Consider a real spectral triple {A, H, D, J). Recall from Sect. 9.3 the interpre- 
tation of gauge degrees of freedom as ‘inner fluctuations’ of a noncommutative 
geometry, fluctuations which replace the operator D by D + A+ J AJ* , where 
A is the gauge potential. 

The fermionic spectral action is just given by 

Sr(P, A, J) =: (p, DaP) = {p,D + A + JAJ*)P) , (9.89) 

with p G 'H. The previous action again depends only on the spectral proper- 
ties of the triple. 

By using the A-bimodule structure on H in (6.82), we get an ‘adjoint repre- 
sentation’ of the unitary group U{A) by unitary operators on H, 

n X U{A) ^ iP, u)^p^ =:u^u* = u.JuJ* pGH . (9.90) 

That this action preserves the scalar product, namely {p'^,p'^) = (p,p), 
follows from the fact that both u and J act as isometries. 
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Proposition 50. The spectral action (9.89) is invariant under the gauge ac- 
tion of the inner automorphisms given by (9.90) and (9.6)), 

J) = A,J) , Vug U{A) . (9.91) 

Proof. By using the result (9.65) Da^ = UDaU*, with U = uJuJ* , we find 

SF{r,A-,j) = ir,DA^r) 

= {iPJu*J*u,UDaU*)uJuJ* fj) 

= ii;Ju*J*u,uJuJ* DaJuJ*uuJuJ* 'if) 

= {tf, Da'iP) 

= Sp{-if,A,J) . (9.92) 

For the spectral triple of the standard model in (9.44), (9.45), (9.40), 
(9.41), the action (9.89) gives the fermionic sector of the standard model 
[35, 118]. It is worth stressing that although the noncommutative fermionic 
multiplet if transforms in the adjoint representation (9.90) of the gauge group, 
the physical fermion fields will transform in the fundamental representation 
(iV) while the antifermions will transform in the conjugate (N). 




10 Gravity Models 



We shall describe three possible approaches^ to the construction of gravity 
models in noncommutative geometry which, while agreeing for the canonical 
triple associated with an ordinary manifold (and reproducing the usual Ein- 
stein theory), seem to give different answers for more general examples. 

As a general remark, we should like to mention that a noncommutative recipe 
to construct gravity theories (at least the usual Einstein one) has to include 
the metric as a dynamical variable which is not a priori given. In particular, 
one should not start with the Hilbert space T~L = L‘^{M,S) of spinor fields 
whose scalar product uses a metric on M which, therefore, would play the 
role of a background metric. The beautiful result by Connes [35] which we 
recall in the following Section goes exactly in the direction of deriving all 
geometry a posteriori. 



10.1 Gravity a la Connes-Dixmier-Wodzicki 

The first scheme which we use to construct gravity models in noncommutative 
geometry, and in fact to reconstruct the full geometry out of the algebra 
is based on the Dixmier trace and the Wodzicki residue [38, 37], 
which we have studied at length in Sects. 6.2 and 6.3. 

Proposition 51. Suppose we have a smooth compact manifold M without 
boundary and of dimension n. Let A = C°°{M) and D is just a ‘symbol’ for 
the time being. Let (Av^Tl-n-) be a unitary representation of the couple (A,D) 
as operators on a Hilbert space Htt endowed with an operator J,r, such that 
the ‘triple’ {At^, Jt^) satisfies all the axioms of a real spectral triple 

given in Sect. 6.j. 

Then, 

a) There exists a unique Riemannian metric on M such that the geodesic 
distance between any two points on M is given by 

d{p,q) = sup{|a(p) - a(g)| | ||[T'7r,7r(a)]||g(„^) < 1} , V p,q€ M . 
a^A 

( 10 . 1 ) 

^ Two approaches, in fact, since as we shall see the hrst two are really the same. 
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h) The metric g-^ depends only on the unitary equivalence class of the rep- 
resentation 7T. The fibers of the map tt e- from unitary equivalence 
classes of representations to metrics form a finite collection of affine 
spaces Aa- parameterized by the spin structures a on M. 

c) The action functional given by the Dixmier trace 

G{D)=tr^{D^-^) , (10.2) 

is a positive quadratic form with a unique minimum tTo- on each Aa- ■ 

d) The minimum tTo- is the representation of (A,D) on the Hilbert space of 

square integrable spinors Lf{M,Srj); Aa- acts by multiplicative operators 
and Da- is the Dirac operator of the Levi-Civita connection. 

e) At the minimum Tia, the value ofG{D) coincides with the Wodzicki residue 

of D‘^~'^ and is proportional to the Einstein- Hilbert action of general rel- 
ativity 

G{D,) = Resw{Dl~n 

= ■ / tr{a-n{x,f))dxdf 

n( 27 r)" Js-M 

= Cn Rdx , 

J M 



Here, 



Cn 



(2 - n) 2t"/"l-"/^ n 

12 (27t)"/2 4 ^ 



a-n{x,f) = part of order — n of the total symbol of D^ " , 



(10.3) 

(10.4) 



R is the scalar curvature of the metric of M and tr is a normalized 
Clifford trace. 

f) If there is no real structure J, one has to replace spin above by spin‘s. The 
uniqueness of point c) is lost and the minimum of the functional G{D) 
is reached on a linear subspace of Aa- with a a fixed spin‘s structure. This 
subspace is parameterized by the U{1) gauge potentials entering in the 
spin‘s Dirac operator. Point d) and c) still hold. In particular the extra 
terms coming from the U{1) gauge potential drop out of the gravitational 
action G{Da) . 



Proof. For a proof of this theorem we refer to [130, 85]. For n = 4 the equality 
(10.3) was proven by ‘brute force’ in [100] by means of symbol calculus of 
pseudodifferential operators. There it was also proven that the results do not 
depend upon the extra contributions coming from the U{1) gauge potential. 
In [93], the equality (10.3) was proven in any dimension by realizing that 
Resw{Da~^) is (proportional) to the integral of the second coefficient of the 
heat kernel expansion of D^ (see also [2]). It is this fact that relates the 
previous theorem to the spectral action for gravity as we shall see in the next 
section. 




10.2 Spectral Gravity 153 



Finally, the fact that A is the algebra of smooth functions on a manifold 
can be recovered a posteriori as well. Connes’ axioms allow one to recover 
the spectrum of ^ as a smooth manifold (a smooth submanifold of for a 
suitable N) [35]. 



10.2 Spectral Gravity 

In this section we shall compute the spectral action (9.63) described in 
Sect. 9.3, for the purely gravitational sector. We shall get a sort of ‘induced 
gravity without fermions’ together with the corrected sign for the gravita- 
tional constant [137, 3]. 

Consider the canonical triple {A,TL,D) on a closed n-dimensional Rie- 
mannian spin manifold (M,g) which we have described in Sect. 6.5. We re- 
call that A = is the algebra of complex valued smooth functions 

on M; "H = L'^{M,S) is the Hilbert space of square integrable sections of 
the irreducible, rank spinor bundle over M; and finally, D is the Dirac 

operator of the Levi-Civita spin connection. 

The action we need to compute is 



Sg{D,A) =trn{X{^)) . (10.5) 

Here tr-u is the usual trace in the Hilbert space H = L‘^{M, S'), H is a cutoff 
parameter and X is a suitable cutoff function which cuts off all the eigenvalues 
of which are larger than . The parameter A has dimension of an inverse 
length and, as we shall see, determines the scale at which the gravitational 
action (10.5) departs from the action of general relativity. 

As already mentioned, the action (10.5) depends only on the spectrum 
of D. Before we proceed let us spend some words on the problem of spec- 
tral invariance versus diffeomorphism invariance. We denote by spec{M, D) 
the spectrum of the Dirac operator with each eigenvalue repeated accord- 
ing to its multiplicity. Two manifolds M and M' are called isospectral if 
spec{M,D) = spec{M' , D).'^ From what has been said, the action (10.5) is 
a spectral invariant. Now, it is well known that one cannot hear the shape 
of a drum [92, 121] (see also [83, 81] and references therein), namely there 
are manifolds which are isospectral without being isometric (the converse is 
obviously true). Thus, spectral invariance is stronger than diffeomorphism 
invariance. 

The Lichnerowicz formula (6.53) gives the square of the Dirac operator 
as 

D^ = V^+^R. ( 10 . 6 ) 

^ In fact, one usually takes the Laplacian instead of the Dirac operator. 
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with R the scalar curvature of the metric, and V’^ the Laplacian operator 
lifted to the bundle of spinors, 

v"" = , (10.7) 

and are the Christoffel symbols of the connection. 

In the rest of this section we shall limit ourself to the case in which the 
manifold M is four-dimensional, while for the general situation we refer to 
[104]. Then, the heat kernel expansion [83, 26], allows one to express the 
action (10.5) as an expansion 

Sg{D, A) = J2 fkakiD^A^) , ( 10 . 8 ) 

k>0 

where the coefficients fk are given by 

pOO 

/o = / X{u)udu , 

Jo 

pOO 

f 2 = X{u)du , 

^0 

/2(n+2) = (-l)”x(")(0) , n>0, (10.9) 

and denotes the n-th derivative of the function X with respect to its 
argument. 

The Seeley-de Witt coefficients ak{D“^ / A^) vanish for odd values of k. The 
even ones are given as integrals 

ak{D‘^IA‘^)= [ ak{x;D‘^ !A^)^/gdx . (10.10) 

Jm 

The first three coefficients, for even k, are, 
ao{x;DyA^) = {AY ^ , 
a,ix;DyA^) = {Ay + 

a,ix; D^A^) = (A^ ^ ^ + 5i?^ - 

- - 60 RE + 180 E^ + 60 E. P] . 

( 10 . 11 ) 

Here R^vpa are the components of the Riemann tensor, R^i, the components 
of the Ricci tensor and R is the scalar curvature. As for E, it is given by 
E =■. D'^ — = \R. By substituting back into (10.10) and on integrating 

we obtain 
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ao(£>V^^) = ^ ’ 

= {AY ^ ^ ^ ’ 

a.(DW = (.4Tj^^2v5<iG3i*,;+jfl^ 

7 

— OR /? RAi'^P'^1 

(10.12) 

Then, the action (10.5) turns out to be 
Sg{D,A) = tr«(X(^)) 

= ('■’t A ys<i* 

+ 4^ n /„ ^‘'“= « 

7 

— 2 /? /? 

J t ^ J I'/^i/pcr-^ i- J 

+ 0((T2)-1) . (10.13) 



Thus we get an action consisting of the Einstein-Hilbert action with a cos- 
mological constant, plus lower order terms in A. To get the correct Newton 
constant in front of the Einstein-Hilbert term, one has to fix the parameter 
A in such a way that \ j A is of the order of the Planck length Lq ^ 10~^^ cm. 
In turn, this value of A produces a huge cosmological constant which is a 
problem for the physical interpretation of the theory if one interprets (10.5) 
as an approximated gravitational action for slowly varying metrics with small 
curvature (with respect to the scale A). Indeed, the solutions of the equations 
of motion would have Plank-scale Ricci scalar and, therefore, they would be 
out of the regime for which the approximation is valid. As we shall see, the 
cosmological term can be cancelled out. 

First of all, we take the function X to be the characteristic value of the 
interval [0, 1], 



X{u) 



1 for u < 1 , 
0 for u > 1 , 



(10.14) 



possibly ‘smoothed out’ at m = 1. For this choice we get. 



/o = 1/2 , /2 = 1 , 

A = 1 , f2(n+2) = 0 ) n> 1 , 



(10.15) 
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and the action (10.13) becomes 
Sg{D,A) = {A^Y ^ J^Vadx 

7 

— OR R^'' R 

(10.16) 

In [108, 109] the following trick was suggested in order to eliminate the cos- 
mological term: replace the function X by X defined as 

X{u) = X{u) — aX{bu) , (10.17) 

with a,b any two numbers such that a = b^ and & > 0,6 yf 1. Indeed, one 
easily finds that, 

~ r°° ~ a 

fo =■ J X{u)udu = (1 - p)/o = 0 , 

~ r°° ~ a 

/2 =: J X{u)du = (1 - -)h , 

/ 2 («+ 2 ) =: (-1)”X^"\0) = (-1)"(1 - a6")x(")(0) , n > 0 . 

(10.18) 

The action (10.5) becomes 

Md,A) = {A^Y +0((TY). (10.19) 

Low curvature geometries, for which the heat-kernel expansion is valid, are 
now solutions of the theory. 

Summing up, we obtain a theory that approximates pure general relativity 
at scales which are large when compared with \j A. 

We end by mentioning that in [108, 109], in the spirit of spectral grav- 
ity, the eigenvalues of the Dirac operator, which are diffeomorphic invariant 
functions of the geometry^ and therefore true observables in general relativ- 
ity, have been taken as a set of variables for an invariant description of the 
dynamics of the gravitational field. The Poisson brackets of the eigenvalues 

® In fact, the eigenvalues of the Dirac operator are only invariant under the action 
of diffeomorphisms which preserve the spin structure [16]. 
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were computed and determined in terms of the energy-momentum of the 
eigenspinors and of the propagator of the linearized Einstein equations. The 
eigenspinors energy-momenta form the Jacobian of the transformation of co- 
ordinates from the metric to the eigenvalues, while the propagator appears 
as the integral kernel giving the Poisson structure. The equations of motion 
of the modified action (10.19) are satisfied if the trans Planckian eigenspinors 
scale linearly with the eigenvalues: this requirement give approximate Ein- 
stein equations. 

As already mentioned, there exist isospectral manifolds which fail to be 
isometric. Thus, the eigenvalues of the Dirac operator cannot be used to 
distinguish among such manifolds (should one really do that from a physical 
point of view?). A complete analysis of this problem and of its consequences 
must await another occasion. 



10.3 Linear Connections 

A different approach to gravity theory, developed in [27, 28], is based on 
a theory of linear connections on an analogue of the cotangent bundle in 
the noncommutative setting. It turns out that the analogue of the cotangent 
bundle is more appropriate than the analogue of the tangent bundle. One 
could define the (analogue) of ‘the space of sections of the tangent bundle’ 
as the space of derivations Der{A) of the algebra A. However, in many cases 
this is not a very useful notion since there are algebras with far too few 
derivations. Moreover, Der{A) is not an A- module but a module only over 
the center of A. For models constructed along these lines we refer to [116]. 

We shall now briefly describe the notion of a linear connection. There are 
several tricky technical points, mainly related to the Hilbert space closure of 
space of forms. We ignore them here while referring to [27, 28] for further 
details. 

Suppose then, we have a spectral triple {A, 71,0) with associated differ- 
ential calculus {noA,d)- The space 72]^ A is the analogue of the ‘space of 
sections of the cotangent bundle’. It is naturally a right A-module and we 
furthermore assume that it is also projective of finite type. 

In order to develop ‘Riemannian geometry’, one needs the ‘analogue’ of 
a metric on f2jjA. Now, there is a canonical Hermitian structure ■ 

f2jjA X njyA — >■ A which is uniquely determined by the triple {A,'H,D). It 
is given by, 

(a,/3)^ =: Po(a*/3) G A , a,(3&72}jA, (10.20) 

where Pq is the orthogonal projector onto A determined by the scalar product 
(7.92) as in Sect. 7.3.^ The map (10.20) satisfies properties (4.19-4.20) which 
characterize a Hermitian structure. It is also weakly nondegenerate, namely 
{a,P)jy = 0 for all a G f2j^A implies that /3 = 0. It does not, in general. 

In fact the left hand side of (10.20) is in the completion of A. 



4 
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satisfy the strong nondegeneracy condition expressed in terms of the dual 
module {Q\,A)' as in Sect. 4.3. Such a property is assumed to hold. Therefore, 
if {Q\)A)' is the dual module, we assume that the Riemannian structure in 
(10.20) determines an isomorphism of right ^-modules, 

n]jA — >{Q]jA)' , (10.21) 

We are now ready to define a linear connection. It is formally the same 
as in the definition 23 by taking S = il\)A. 

Definition 25. A linear connection on fi\)A is a C-linear map 

V : njyA f2]yA (g)A , (10.22) 

satisfying the Leibniz rule 

V(aa) = (Vof)a + ada , V a G ilj^A , a G A . (10.23) 

Again, one can extend it to a map V : Qj^A f2^A -G L2jjA H^^A 

and the Riemannian curvature of V is then the A-linear map given by 

i?v=:V2 : n]jA^f2oA ®a ■ (10.24) 

The connection V is said to be metric if it is compatible with the Riemannian 
structure {■,-)d namely if it satisfies the relation, 

-(Va,/3)^ + (a,V/3)^ =d{a,P)j^, Va,/3Gl2^A. (10.25) 

Next, one defines the torsion of the connection V as the map 

Tv : n}jA -G f2lA , 

Tv =: d — m o V , (10.26) 

where m : ilj^A (Si a f^^A -G Hj^A is just multiplication, m{a (Sa P) = Oil3. 
One easily checks (right) A-linearity so that Tv is a ‘tensor’. For an ordinary 
manifold with linear connection, the definition(10.26) yields the dual (i.e. the 
cotangent space version) of the usual definition of torsion. 

A connection V on Q\^A is a Levi-Civita connection if it is compatible with 
the Riemannian structure (•, -)^ on fi\^A and its torsion vanishes. Contrary to 
what happens in the ordinary differential geometry, a Levi-Civita connection 
need not exist for a generic spectral triple or there may exist more than one 
such connections. 

Next, we derive the Cartan structure equations. For simplicity, we shall 
suppose that Q]jA is a free module with a basis A = 1, • • • N} so that 
any element a G ilj^A can be written as a = E^ua with aA G A. The basis 
is taken to be orthonormal with respect to the Riemannian structure {■,■) d-> 

{E^,E^)^ = diag{l,---A) , A, R = 1, • • ■ , iV . (10.27) 
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A connection V on is completely determined by the connection 

1 -forms G Q\)A which are defined by, 

= A=l,...,N. (10.28) 

The components of the torsion G Q^A and the curvature G fl^A 
are defined by 

Tv(A^) = , 

Ry(E^) = E^ (g) , A=1,...,N. (10.29) 

By making use of the definitions (10.26) and (10.24) one gets the structure 
equations, 

= dE^ - E^Qb^ , A=l,...,iV, (10.30) 

R^^ = , A,B=1,...,N. (10.31) 

The metricity condition (10.25), for the connection 1-forms now reads, 

+ ri^^[2c^ = 0 . (10.32) 

As mentioned before, metricity and the vanishing of the torsion do not 
uniquely fix the connection. Sometimes, one imposes additional constraints 
by requiring that the connection 1-forms are Hermitian, 

12^^* = 12^^. (10.33) 

The components of a connection, its torsion and its Riemannian curvature 
transform in the ‘usual’ way under a change of orthonormal basis for L2|)A. 
Consider then a new basis {E"^,A = 1,---A^} of f2jjA. The relationship 



between the two bases is given by 




E^ = eB{M~Yb^, E^ = eBMb^, 


(10.34) 


with the obvious identities. 




= {M~Ya^McB = d’Y , 


(10.35) 



which just say that the matrix M = (Mb^) G Mat(A) is invertible with 
inverse given by M~^ = b^) ■ By requiring that the new basis be 

orthonormal with respect to {■,-)b 

V^b = {e\eB)^ 

= (eBMp^,E^MqB'^ ^ 

= {Mp^Y (rB ,E^'^ ^MqB 
= {Mp^Yt^bQMqB . 



(10.36) 
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From this and (10.35) we obtain the identity 

= r^AQ{Mp^)*r^P^ , (10.37) 

or M* = M~^ . From (10.35), we infer that M is a unitary matrix, MM* = 
M*M = I, i.e. it is an element in Ui<i{A). 

It is now straightforward to find the transformed components of the connec- 



tion, of its curvature and of its torsion 

= M^^f2p^{M-^)Q^ + M^^d{M~^)p^ , (10.38) 

Ra^ = M^PRp^{M-^)qB , (10.39) 

= T^{M~^)p^ . (10.40) 

Consider the basis {sa, A = 1,- - ■ , N} of {f2pA)', dual to the basis {E^}, 

sa{E^) = 6^ . (10.41) 

By using the isomorphism (10.21) for the element ea, there is an G f2pA 
determined by 

£a(o:) = (ea,o:}p , V a € f2pA , A=1,...,N. (10.42) 

One finds that 

£a = E^t]ba, A=1,...,N, (10.43) 

and, under a change of basis as in (10.34), they transform as 

fA = SB{M^^)* , A=1,...,N. (10.44) 

The Ricci 1- forms of the connection V are defined by 

Rj = Pi{Ra^{eb)*) Gn]jA, A=l,---,N . (10.45) 

As for the scalar curvature, it is defined by 

rv = PoiE^Rj) = PoiE^PiiRA^^eBT) G A . (10.46) 



The projectors Pq and Pi are again the orthogonal projectors on the space 
of zero and 1-forms determined by the scalar product (7.92). It is straight- 
forward to check that the scalar curvature does not depend on the particular 
orthonormal basis of Q\)A. Finally, the Einstein- Hilbert action is given by 

lHE{y) = tr^r|P|-" = . (10.47) 
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10.3.1 Usual Einstein Gravity 

Let us consider the canonical triple {A,T~L, D) on a closed n-dimensional Rie- 
mannian spin manifold (M,g) which we have described in Sect. 6.5. We recall 
that A = C°°{M) is the algebra of complex valued smooth functions on M; 
H = L‘^{M,S) is the Hilbert space of square integrable sections of the irre- 
ducible spinor bundle over M ; and D is the Dirac operator of the Levi-Civita 
spin connection, which can be written locally as 

D = + lower order terms 

= 7 “e^( 9 ^ -I- lower order terms . (10.48) 

The ‘curved’ and ‘flat’ Dirac matrices are related by 

= 7 “e^ , /r = 1, . . . , n, (10.49) 

and obey the relations 

+ 7 '"(a;) 7 ^(a;) = , g,,iy = 1, . . . ,n, 

7 ^ 7 ^ -I- 7 ^ 7 “ = — 277 "^^ , a, 5=l,...,n. (10.50) 

We shall take the matrices to be hermitian. 

The n-beins relate the components of the curved and flat metric, as usual, 
by 

= Vab , = g^'^ . (10.51) 

Finally, we recall that, from the analysis of Sect. 7.2.1, generic elements a G 
f2\)A and jS G fi"j^A can be written as 

a = 7“«a = , Ua = , 

P = , Pab = , (10.52) 

with 7 “^ = i( 7 “ 7 *' - 7 *' 7 “) and 7 '^'^ = 5 ( 7 ^ 7 "^ - 7 ^ 7 ^). The module Hj^A is 
projective of finite type and we can take as an orthonormal basis 

E“ = 7 “, {E‘^,E'>) =tr7V = 7“\ a, 6 =l,...,n, (10.53) 

with tr a normalized Clifford trace. Then, the dual basis {Ca} of {Q\)A)' is 
given by, 

£a{a) = aa = , (10.54) 

and the associated 1 -forms 'Sa are found to be 

ea = rvab ■ (10.55) 

Hermitian connection 1-forms are of the form 



■ 



(10.56) 
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Metricity and the vanishing of torsion read, respectively, 

= 0 . (10.58) 

As the sets of matrices { 7 ^} and { 7 '''^} are independent, the conditions 
(10.57) and (10.58) require the vanishing of the terms in parenthesis and, 
in turn, these just say that the coefficients (or equivalently utca) deter- 
mine the Levi-Civita connection of the metric [147]. 

The curvature 2-forms can then be written as 

Ra"’=ll^‘‘Rcda , (10.59) 

with the components of the Riemannian tensor of the connection 
As for the Ricci 1-forms, they are given by 

Ra = Pi(i?, . (10.60) 

It takes a little algebra to find 

Ra = -\l^R,ba^ ■ (10.61) 

The scalar curvature is found to be 

r =: Poi^Ra) = -lPoiri^)Rcba = V^^Rcba , (10-62) 

which is just the usual scalar curvature [147]. 



10.4 Other Gravity Models 

In [27, 28], the action (10.47) was computed for a Connes-Lott space M xY, 
i.e. a product of a Riemannian, four-dimensional, spin manifold M with a 
discrete internal space Y consisting of two points. The Levi-Civita connec- 
tion on the module of 1-forms depends on a Riemannian metric on M and a 
real scalar field which determines the distance between the two-sheets. The 
action (10.47) contains the usual integral of the scalar curvature of the metric 
on M, a minimal coupling for the scalar field to such a metric, and a kinetic 
term for the scalar field. 

The Wodzicki residue method applied to the same space yields an Einstein- 
Hilbert action which is the sum of the usual term for the metric of M together 
with a term proportional to the square of the scalar field. There is no kinetic 
term for the latter [93]. 
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A somewhat different model of geometry on the Connes-Lott space MxY was 
presented in [110]. The final action is just the Kaluza-Klein action of unified 
gravity-electromagnetism and consists of the usual gravity term, a kinetic 
term for a minimally coupled scalar field and an electromagnetic term. 

Several examples of gravity and Kaluza-Klein theories have been con- 
structed by using the bimodule structure of £ = (see [116, 119] and 

references therein). 




11 Quantum Mechanical Models 
on Noncommutative Lattices 



As a very simple example of a quantum mechanical system which can be 
studied with the techniques of noncommutative geometry on noncommutative 
lattices, we shall construct the 0-quantization of a particle on a lattice for 
the circle. We shall do so by constructing an appropriate ‘line bundle’ with 
a connection. We refer to [7] and [8] for more details and additional field 
theoretical examples. In particular, in [8] we derived Wilson’s actions for 
gauge and fermionic fields and analogues of topological and Chern-Simons 
actions. 

The real line is the universal covering space of the circle S^, and the 
fundamental group 7 Ti(S'^) = Z acts on K.^ by translation 

^x^x + N , iVeZ. (11.1) 

The quotient space of this action is and the projection : — >■ 5”^ is given 

by 9 a; — >■ G S^. 

Now, the domain of a typical Hamiltonian for a particle on need not 
consist of functions on S^. Rather it can be obtained from functions ipg on 
R^ transforming under an irreducible representation of 7 t(S'^) = Z, 

pe-.N^ (11.2) 

according to 

-ii)g{x + N) = e"^^^pe{x) . (11.3) 

The domain Dg{H) for a typical Hamiltonian H then consists of these ipg 
restricted to a fundamental domain 0 < a: < 1 for the action of Z, and subject 
to a differentiability requirement: 

Z7,(i7) = {V-e : V’^(l) = e*%(0) ; ^ (^^ 4) 

ax ax 

In addition, H'lpg must be square integrable for the measure on used to 
define the scalar product of wave functions. 

One obtains a distinct quantization, called 0-quantization, for each choice of 

Equivalently, wave functions can be taken to be single-valued functions 
on while adding a ‘gauge potential’ term to the Hamiltonian. To be more 
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precise, one constructs a line bundle over with a connection one-form 
given by iOdx. If the Hamiltonian with the domain (11.4) is —d?/dx'^, then 
the Hamiltonian with the domain Dq(Ji) consisting of single valued wave 
functions is —{d/dx + iO'f' ■ 

There are similar quantization possibilities for a noncommutative lattice 
for the circle as well [7]. One constructs the algebraic analogue of the trivial 
bundle on the lattice endowed with a gauge connection which is such that 
the corresponding Laplacian has an approximate spectrum reproducing the 
‘continuum’ one in the limit. 

As we have seen in Chap. 3, the algebra A associated with any non- 
commutative lattice of the circle is rather complicated and involves infinite 
dimensional operators on direct sums of infinite dimensional Hilbert spaces. 
In turn, this algebra A, as it is AF (approximately finite dimensional), can 
indeed be approximated by algebras of matrices. The simplest approximation 
is just a commutative algebra C{A) of the form 

C{A) cs = {c = (Ai, A 2 , • • • , A^) , Ai G C} . (11.5) 

The algebra (11.5) can produce a noncommutative lattice with 2N points by 
considering a particular class of not necessarily irreducible representations as 
in Fig. 11.1. In that Figure, the top points correspond to the irreducible one 
dimensional representations 

TTi : C{A) — >■ C , c I— TTi(c) = Ai , i = 1, ■ ■ ■ , N . (H-6) 

As for the bottom points, they correspond to the reducible two dimensional 
representations 

TTi+Af : C(A) -)> M 2 (C) , c 7ri+Ar(c) = ^ ^ 

(11.7) 



Ai A 2 As Ajv 




Fig. 11.1. P 2 n{S^) for the approximate algebra C{A) 




11 Quantum Mechanical Models 



on Noncommutative Lattices 



167 



with the additional condition that + 1 = 1. The partial order, or equiv- 
alently the topology, is determined by the inclusion of the corresponding 
kernels as in Chap. 3. 

By comparing Fig. 11.1 with the corresponding Fig. 3.18, we see that by 
trading A with C{A), all compact operators have been put to zero. A better 
approximation is obtained by approximating compact operators with finite 
dimensional matrices of increasing rank. 

The finite projective module of sections S associated with the ‘trivial line 



bundle’ is just C{A) itself: 

S = C^ = {r]= ,/Xi G C} . (11-8) 

The action of C (A) on £ is simply given by 

£xC{A)^£, (ry,c) h>? 7 c= (? 7 iAi,? 72 A 2 ---??ivAAr) . (H-9) 

On £ there is a C(Al)-valued Hermitian structure (•,•), 

iv',v) ■= ivTvi,V2V2,--- ,VnVn) G C{A) . (11.10) 

Next, we need a AT-cycle {TL,D) over C{A). We take for TL on which 
we represent elements of C {A) as diagonal matrices 

C{A) 9 c diag(Ai, A 2 , . . . Ajv) g B{C^) ~ Mn{C) ■ (11.11) 

Elements of £ will be realized in the same manner, 

£^r]^ diag(?7i,?72, . . .r?7v) G ~ Mat(C) . (H-12) 

Since our triple {C{A),'H, D) will be zero dimensional, the (C-valued) scalar 
product associated with the Hermitian structure (11.10) will be taken to be 

N 

iv', v)=Yl ’ V 7?', 77 G . (11.13) 

i=i 



By identifying N + j with j, we take for the operator D, the N x N 
self-adjoint matrix with elements 



— /o A ^'^z,j-t-i) 5 LJ — 1)* 



where m is any complex number of modulus one: mm* = 1. 

As for the connection 1-form p on the bundle £, we take it to be the 
hermitian matrix with elements 

Pij — ^ A 1 

V 2e 

a = -I, = . 



(11.15) 
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One checks that, modulo junk forms, the curvature of p vanishes, 

dp + p^ = Q. (11.16) 

It is also possible to prove that p is a ‘pure gauge’ for 9 = 27rfc, with 
k any integer, that is that there exists a c G C{A) such that p = c~^dc. 
If c = diag(Ai, X 2 , ■ ■ ■ , Xn), then any such c will be given by Ai = A , A 2 = 

to 0 (these properties are the analogues of the properties of the connection 
iddx in the ‘continuum’ limit). 

The covariant derivative Ve on £1, Ve : £1 — >■ £1 Oc(. 4 ) ^^{C{A)) is then 
given by 

Vep=[D,p]+pp , VryGf. (11.17) 

In order to define the Laplacian Ag one first introduces a ‘dual’ operator VJ 
via 

{Vep\Vep) = {p',V*gVgp) , \/p',p€£. (11.18) 

The Laplacian Ag on S , Ag : S ^ E, can then be defined by 

Agp=-q{Vg)*Vgp , V p G £1 , (11.19) 

where q is the orthogonal projector on £ for the scalar product (•, •) in (11.13). 
This projection operator is readily seen to be given by 

{qM)ij = MiiSij , no summation on i , (11.20) 

with M any element in Mat(C). Hence, the action of Ag on the element 
V = ivi, - ■ ■ An) , VN+i = Pi, is explicitly given by 

{Agp)ij = ~{V*gV gp)ii5ij , 

-{V*gV9p)ii ={-[D, [D, p\] - 2p[D, p] - p^p]^^ 

= \\e~^^/^Pi-i-2p^ + t = 1, 2, • • • , iV . 

L J 





(11.21) 


The associated eigenvalue problem 




II 


(11.22) 


has solutions 




2 r o' 

A = Afe = — cos(fc + — ) - 1 , 

[ JM 


(11.23) 



p = p^^) =diag(pf\pf\---,p^^) , k = m^ , m= l,2,---,fV , 

(11.24) 
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with each component 77 ^^^ having an expression of the form 

^ ^ g c . (11.25) 

We see that the eigenvalues (11.23) are an approximation to the continuum 
answers — , A: G R. 
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A.l Basic Notions of Topology 

In this appendix we gather together a few fundamental notions of topology 
and topological spaces while referring to [87, 71] for a more detailed account. 

A topological space is a set S together with a collection r = {Oa} of 
subsets of S, called open sets, which satisfy the following axioms 

01 The union of any number of open sets is an open set. 

02 The intersection of a finite number of open sets is an open set. 

03 Both S and the empty set 0 are open. 

Having a topology it is possible to define the notion of a continuous map. A 
map / : (S'ijTi) — >• (S'2,T2) between two topological spaces is defined to be 
continuous if the inverse image f~^{0) is open in Si for any open O in S'2. 
A continuous map / which is a bijection and such that f~^ is continuous as 
well is called a homeomorphism. 

Given a topology on a space, one can define the notion of limit point 
of a subset. A point p is a limit point of a subset A of S' if every open set 
containing p contains at least another point of X distinct from p. 

A subset A of a topological space S is called closed if the complement S \ A 
is open. It turns out that the subset A is closed if and only if it contains all 
its limit points. 

The collection {Cq} of all closed subsets of a topological space S, satisfy 
properties which are dual to the corresponding ones for the open sets. 

Cl The intersection of any number of closed sets is a closed set. 

C2 The union of a finite number of closed sets is a closed set. 

C3 Both S and the empty set 0 are closed. 

One can, then, put a topology on a space by giving a collection of closed sets. 

The closure A of a subset A of a topological space {S, r) is the intersection 
of all closed sets containing A. It is evident that A is the smallest closed set 
containing A and that A is closed if and only if A = A. It turns out that a 
topology on a set S can be given by means of a closure operation. Such an 
operation is an assignment of a subset A of S' to any subset A of S, in such 
a manner that the following Kuratowski closure axioms are true, 

G. Landi: LNPm 51, pp. 171-192, 2002. 
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Ki 0 = 0^ 

K 2 XCX. 

K 3 X = X . 

Ki X\jY = X[jY. 

If (7 is the family of all subsets AT of S' for which X = X and r is the family 
of all complements of members of a, then r is a topology for S, and X is the 
r-closure of X for any subset of S. Clearly, a is the family of closed sets. 

A topological space S is said to be a T^-space if: given any two points of 
S, at least one of them is contained in an open set not containing the other. 
This can also be stated by saying that for any pair of points, at least one of 
the points is not a limit point of the other. In such a space, there may be sets 
consisting of a single point which are not closed. 

A topological space S is said to be a Ti-space if: given any two points of 
S, each of them lies in an open set not containing the other. This requirement 
implies that each point (and then, by C 2 above, every finite set) is closed. 
This is often taken as a definition of a Ti-space. 

A topological space S is said to be a T 2 ~space or a Hausdorff space if: 
given any two points of S, there are disjoint open sets each containing one of 
the two points but not both. 

It is clear that the previous conditions are in an increasing order of strength 
in the sense that being T 2 implies being T\ and being T\ implies being Tq (a 
space which is T 2 is Ti and a space which is Ti is Tq.). 

A family U of sets is a cover of a (topological) space if A = 1J{A, X G U}. 
The family is an open eover of S if every member of U is an open set. The 
family is a finite cover if the number of members of U is finite. It is a locally 
finite cover if and only if every x G S has a neighborhood that intersects only 
a finite number of members of the family. 

A topological space S is called compact if every open cover of S has a finite 
subcover of S. A topological space S is called locally compact if any point of 
S has at least one compact neighborhood. A compact space is automatically 
locally compact. If A is a locally compact space which is also Hausdorff, then 
the family of closed compact neighborhoods of any point is a basis for its 
neighborhood system. 

The support of a real or complex valued function / on a topological space 
S is the closure of the set Kj = {x £ S \ f{x) yf 0}. The function / is said 
to have compact support if AT/ is compact. The collection of all continuous 
functions on S whose support is compact is denoted by Cc{S). 

A real or complex valued function / on a locally compact Hausdorff space S 
is said to vanish at infinity if for every e > 0 there exists a compact set K C S 
such that |/(a;)| < e for all x ^ K. The collection of all continuous functions 
on S which vanish at infinity is denoted by C'o(S'). Clearly Cc{S) C C'o(S'), 
and the two classes coincide if S is compact. Furthermore, one can prove 
that C'o(S') is the completion of Cc{S) relative to the supremum norm (2.9) 
described in Example 1 [136]. 




A.l Basic Notions of Topology 173 



A continuous map between two locally compact HausdorfT spaces f : Si ^ 
S2 is called proper if and only if for any compact subset K of S2, the inverse 
image f~^{K) is a compact subset of Si. 

A space which contains a dense subset is called separable. A topological 
space which has a countable basis of open sets is called second-countable (or 
completely separable). 

A topological space S is called connected if it is not the union of two 
disjoint, nonempty open sets. Equivalently, if the only sets in S that are 
both open and closed are S and the empty set then S is connected. A subset 
C of the topological space S is called a component of S, provided that C is 
connected and maximal, namely it is not a proper subset of another connected 
set in S. One can prove that any point of S lies in a component. A topological 
space is called totally disconnected if the (connected) component of each point 
consists only of the point itself. The Cantor set is a totally disconnected space. 
In fact, any totally disconnected, second countable, compact Hausdorff space 
is homeomorphic to a subset of the Cantor set. 

If Ti and T2 are two topologies on the space S', one says that Ti is coarser 
than T2 (or that T2 is finer than ri) if and only if ti C T2, namely if and 
only if every subset of S which is open in ti is also open in T2. Given two 
topologies on the space S it may happen that neither of them is coarser (or 
finer) than the other. The set of all possible topologies on the same space is a 
partially ordered set whose coarsest element is the topology in which only 0 
and S are open, while the finest element is the topology in which all subsets 
of S are open (this topology is called the discrete topology). 
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A. 2 The Gel’fand-Naimark-Segal Construction 

A state on the C'*-algebra A is a linear functional 

(A.l) 

which is positive and of norm one, i.e. 

4>{a*a) > 0 , y a G A , 

|H| = 1. (A.2) 

Here the norm of (f) is defined as usual by ||(/)|| = sup{\(j){a)\ \ ||a|| < 1}. If A 
has a unit (we always assume this is the case), positivity implies that 

lkll = ^(I) = l. (A.3) 

The set 5(A) of all states of A is clearly a convex space, since the convex 
combination A</>i + (1 — X) 4 i 2 G 5(A), for any G 5(A) and 0 < A < 1. 

Elements at the boundary of 5(A) are called pure states, namely, a state 
(j) is called pure if it cannot be written as the convex combination of (two) 
other states. The space of pure states is denoted by VS{A). If the algebra A 
is abelian, a pure state is the same as a character and the space VS {A) is 
just the space A of characters of A which, when endowed with the Gel’fand 
topology, is a Hausdorff (locally compact) topological space. 

With each state </> G 5(A) there is associated a representation tt^) of 
A, called the Gel’fand-Naimark-Segal (GNS) representation. The procedure 
to construct such a representation is also called the GNS construction which 
we shall now briefly describe [55, 124]. 

Suppose then that we are given a state (j) G 5(A) and consider the space 

A/^ = {o G A I 4>{a* a) = 0} . (A. 4) 

By using the fact that 4>{a*b*ba) < ||&||^^(a*a), one infers that is a closed 
(left) ideal of A. The space A/M,f, of equivalence classes is made into a pre- 
Hilbert space by defining a scalar product by 

A/AT0 X A/M 4 , ^ C , (a + 6 + AT^) ^ </.(a*6) . (A.5) 

This scalar product is clearly independent of the representatives in the equiv- 
alence classes. 

The Hilbert space completion of A/A^ is the space of the representation. 
Then, to any a G A one associates an operator 7r(a) G B{A/M,p) by 

Ti{a){b + N(j,) =■■ ab + Ntj, . (A. 6) 

Again, this action does not depend on the representative. By using the fact 
that ||7r(a)(6 -I- A/^)]]^ = (j){b*a*ab) < \\a\\^(j){b*b) = [[fc-l-A^II^, one gets 
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lk(a)|| < ||a|| and in turn, that 7r(a) G B{A/M^). There is a unique extension 
of 7r(a) to an operator 7T0(a) G Finally, one easily checks the algebraic 

properties 7r,^(aia2) = ,p{ai)TT cf,{a 2 ) and Tr^{a*) = (7T^(a))* and one obtains 
a *-morphism (a representation) 

7T0 : A — B(?{^) , a H> TT^{a) . (A. 7) 

It turns out that any state (/) is a vector state. This means that there exists 
a vector G with the property, 

= (j){a) a e A . (A.8) 

Such a vector is defined by 

^^=:[l]=l + Af^ , (A.9) 

and is readily seen to verify (A.8). Furthermore, the set {7T0(a)^0 | a G A} 
is just the dense set A/N 4 , of equivalence classes. This fact is stated by 
saying that the vector is a cyclic vector for the representation ("H^, tt^). By 
construction, and by (A. 3), a cyclic vector is of norm one, = ||^|| = 1. 

The cyclic representation is unique up to unitary equivalence. 

If TT^, 5^) is another cyclic representation such that = (j){a), 

for all a G A, then there exists a unitary operator U : — >■ such that 

[/“ V^(a)C/ = 7T0(a) , V a G A , 

UU = • (A. 10) 

The operator U is defined by for any a G A. Then, the 

properties of the state (p ensure that U is well defined and preserves the scalar 
product. 

It is easy to see that the representation ("H^, is irreducible if and only if 
every non zero vector ^ G is cyclic so that there are no nontrivial invariant 
subspaces. It is somewhat surprising that this happens exactly when the state 
4> is pure [55]. 

Proposition 52. Let A be a C* -algebra. Then, 

1. A state (j) on A is pure if and only if the associated GNS representation 
('H0,7T.y) is irreducible. 

2. Given a pure state p on A there is a canonical bijection between rays in 
the associated Hilbert He/, and the equivalence class of (j>, 

Cej, = {ip pure state on A | equivalent to tt^} . 

The bijection of point 2. of the previous preposition is explicitly given by 
associating with any ^ G H/, , ||^|| = 1, the state on A given by 



ip{a) = if,TT,/,{a)£,) , V a G A , 



(A.ll) 
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which is seen to be pure. As was previously noted, the representation tt^) 
is irreducible and each vector of T-L^ is cyclic. This, in turn, implies that the 
representation associated with the state is equivalent to 



As a simple example, we consider the algebra M 2 (C) with the two pure 
states constructed in Sect. 2.3, 



<Pi{ 



Oil Oi2 
021 022 



) — Oil , 



hi 



On oi2 
021 022 



) = 022 ■ 



(A.12) 



As we mentioned before, the corresponding representations are equivalent. 
We shall show that they are both equivalent to the defining two dimensional 
one. 

The ideals of elements of ‘vanishing norm’ of the states ^ 1,^2 are, respec- 
tively. 



ATi 



0 Oi2 
0 022 



A /2 = 



On 0 

021 0 



(A.13) 



The associated Hilbert spaces are then found to be 



ni = 



r [a;i 0 
\ 0 



~ C 



2 



(A, A') = xlx[+x*2X2 . 




n2 = \ 
{Y,Y') 




yiVi + V2V2 ■ 




(A.14) 



As for the action of any element A € M 2 (C) on T~Li and Ti. 2 , we get 



7Ti(A) 

7T2(A) 



xi 0 




oiixi - 1 - oi 2 a ;2 0 


_X 2 0 




021X1 -l- CL22X2 0 


0 yi 




0 aiiyi + ai2U2 


_0 J/ 2 _ 




_0 0212/1 - 1 - 0222/2 _ 




The two cyclic vectors are given by 



6 = 





(A.15) 



(A.16) 



The equivalence of the two representations is provided by the off-diagonal 
matrix 



U = 



0 1 

1 0 ’ 



(A.17) 



which interchanges 1 and 2 , C/^i = ^2 • Indeed, by using the fact that for an 
irreducible representation any non vanishing vector is cyclic, from (A.15) we 
see that the two representations can indeed be identified. 
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A. 3 Hilbert Modules 

The theory of Hilbert modules is a generalization of the theory of Hilbert 
spaces and it is the natural framework for the study of modules over a C*- 
algebra A endowed with a Hermitian A- valued inner product. Hilbert mod- 
ules have been (and are) used in a variety of applications, notably for the 
study of strong Morita equivalence. The subject started with the works [131] 
and [126]. We refer to [153] for a very nice introduction while here we sim- 
ply report on the fundamentals of the theory. Throughout this appendix, A 
will be a C*-algebra (almost always with unit) and its norm will be denoted 
simply by II • ||. 

Definition 26. A right pre-Hilbert module over A is a right A-module £ 
endowed with an A-valued Hermitian structure, namely a sesquilinear form 
( , ) _^ : £ X £ ^ A, which is conjugate linear in the first variable and such 
that 



ivuma)^ = > (A.18) 

{ViA2)*a = {V2,Vi)a ’ (A.19) 

{ri,'n)_^ = 0 7] = 0 , (A.20) 

for all r]i,r] 2 ,r] € £ , a G A. 

By the property (A.20) in the previous definition the element {rj, rj)_^ is self- 
adjoint. As in ordinary Hilbert spaces, the property (A.20) provides a gener- 
alized Cauchy -Schwartz inequality 

. Vt7,^g£:, (A.21) 

which in turns, implies 

||(?7,C)^II^ < ll(»7,?7)^llll(C.?)_4ll > V?7,5 g£:, (A.22) 

By using these properties and the norm 1 1 • 1 1 in A one defines a norm in £. 

Definition 27. The norm of any element rj G £ is defined by 

II^IU=:vTK^- (A.23) 

One can prove that || • ||_^ satisfies all the properties (2.5) of a norm. 

Definition 28. A right Hilbert module over A is a right pre-Hilbert module 
£ which is complete with respect to the norm || • ||_ 4 . 

By completion any right pre-Hilbert module will give a right Hilbert module. 
It is clear that Hilbert modules over C are ordinary Hilbert spaces. 
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A left (pre-)Hilbert module structure on a left A-module £ is provided by 
an A-valued Hermitian structure ( , on which is conjugate linear in the 
second variable and with condition (A. 18) replaced by 

(am,’72)_4 = , V ?7i,? 72,G a G A . (A. 24) 

In what follows, unless otherwise stated, by a Hilbert module we shall 
mean a right one. It is straightforward to pass to equivalent statements con- 
cerning left modules. 

Given any Hilbert module £ over A, the closure of the linear span of 
{{VijV 2 )a ’ ^1:^2 G £} is an ideal in A. If this ideal is the whole of A the 
module £ is called a full Hilbert module} 

It is worth noticing that, contrary to what happens in an ordinary Hilbert 
space, the Pythagoras equality is not valid in a generic Hilbert module £. If 
rji and 772 are any two orthogonal elements in A, i.e. (?7i, ?72)_4 = 0, in general 
one has that ||t7i + t 72||_4 7^ I I’ll 1 1 ^ + ll’?2||^- Indeed, properties of the norm 
only guarantee that Hryi -I- 772!!^ < HtIiII^ + ll’ 72 ||^- 

An ‘operator’ on a Hilbert module need not admit an adjoint. 

Definition 29. Let £ he a Hilbert module over the C* -algebra A. A contin- 
uous A-linear map T : £ ^ £ is said to be adjointable if there exists a map 
T* : £ ^ £ such that 

(r*?7i,?72)_4 = (?7 i,T? 72)_4 , V 771,772 G£i. (A.25) 

The map T* is called the adjoint of T. We shall denote by Endj\{£) the 
collection of all continuous A-linear adjointable maps. Elements of End^{£) 
will also be called endomorphisms of £. 

One can prove that if T G End^{£), then also its adjoint T* G Endj,{£) 
with (T*)* = T. If both T and S are in EndA{£), then TS G Endj\,{£) with 
{TSy = S*T*. Finally, the space Endj\^{£), endowed with this involution 
and with the operator norm 

||T||=:sup{||T77|U| ||77|U<1}, (A.26) 

becomes a C*-algebra of bounded operators due to the inequality (T77, Tt 7)_^ < 
||r||^ (’7 j’ 7)_4- Indeed, End^iA) is complete if £ is. 

There are also the analogues of compact endomorphisms which are ob- 
tained as usual from ‘endomorphisms of finite rank’. For any 771,772 G f an 
endomorphism |?7i) (772 1 is defined by 

\m) {m\iO =■ miv 2 , 0 A ^ v^g^:. (A. 27 ) 



^ Rieffel [131] calls it an A-rigged space. 
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Its adjoint is just given by 

i\vi) {V 2 \y = \v 2 ) im\ , (A.28) 

One can check that 

II Im) (??2| lU < IhilUll^alU , (A.29) 

Furthermore, for any T G EndA{£) and any ?7i, 772 , ^2 G £, one has the 

expected composition rules 

ro|77i)(r72| = |T77i)(r72| , (A.30) 

hi)(??2|o'r= |?7i)(T*772| , (A.31) 



hi) (??2| o 1^1) (C2I = hi (??2,6)_4) (61 = hi) ((»72 ,Ci)^6I ■ (A. 32 ) 

From these rules, we get that the linear span of the endomorphisms of the 
form (A. 27) is a self-adjoint two-sided ideal in End_A{£). The norm closure 
in End_A.{£) of this two-sided ideal is denoted by End^{£); its elements are 
called compact endomorphisms of £. 

Example 19. The Hilbert module A. 

The C* -algebra A can be made into a (full) Hilbert Module by considering it 
as a right module over itself together with the following Hermitian structure 

£x£^A, {a, b)_^ =: a*b , W a,b G A . (A. 33) 

The corresponding norm coincides with the norm of A since from the norm 

property (2.8), ||a|h = '\/\ \ (®) ®)_4 II = -\/||a*a|| = ^||a||^ = ||a||. Thus, 
A is complete also as a Hilbert module. Furthermore, as the algebra A is 
unital, one finds that End_A{A) ~ End)^{A) ~ A, with the latter acting 
as multiplicative operators on the left on itself. In particular, the isometric 
isomorphism EndPjfA) cx A is given by 

End\{A)G>^Xk\ak) {by '^Xkakbl , V Xk G C , ak,bk G A . 

k k 

(A.34) 

Example 20. The Hilbert module A^ . 

Let A^ = A X ■■■ X A be the direct sum of N copies of A. It is promoted to a 
full Hilbert module over A with module action and Hermitian product given 
by 

(oi, • • • , aN)a =: (oio, • • • , 0 ^ 0 .) , 

n 

((oi, • • • , On), (h, • • • , &Af))^ =: X! ’ 

fc=i 



(A.35) 

(A.36) 
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for all a,ak,bk G A. The corresponding norm is 

n 

ll(ai,---,aiv)||_4=: ||^ 4 afc|| . (A. 37 ) 

k=l 



That is complete in this norm is a consequence of the completeness of 
A with respect to its norm. Indeed, if (a“, • • • , a^)o.gN is a Cauchy sequence 
in A^ , then, for each component, (a^)o.gN is a Cauchy sequence in A. The 
limit of in A^ is just the collection of the limits from each 

component. 

Since A is taken to be unital, the unit vectors {e^} of form an or- 
thonormal basis for A^ and each element of A^ can be written uniquely as 
{ai, ■ ■ ■ , On) = CfcOfe giving an identification A^ ~ 0 c A. As al- 

ready mentioned, in spite of the orthogonality of the basis elements, one has 
that ||(ai, • • • ,aAr)||_4 =: || a%ak\\ ^ Y^=i Parallel to the sit- 

uation of the previous example, since the algebra A is unital, one finds that 
Endj^{A^) ~ EndPjfA^) ~ M„(A). Here M„(A) is the algebra of n x n ma- 
trices with entries in A; it acts on the left on A^ . The isometric isomorphism 
End^(A^) ~ M„(A) is now given by 



End\{A) 9 |(oi, • • • , fliv)) ((^1) • • • , b^)] i-G- 



V (Z/j; , b}^ G A , 



( ai5* • • • aib% \ 

\aAf6i • • • aNb% j 

(A. 38 ) 



which is then extended by linearity. 



Example 21. The sections of a Hermitian complex vector bundle. 

Let A = C{M) be the commutative C* -algebra of complex-valued continuous 
functions on the locally compact Hausdorff space M . Here the norm is the 
sup norm as in (2.9). Given a complex vector bundle E — >■ M , the collection 
r{E,M) of its continuous sections is a C{M)-module. This module is made 
into a Hilbert module if the bundle carries a Hermitian structure, namely a 
Hermitian scalar product { , )^ : Ep x Ep ^ C on each fibre Ep, which 
varies continuously over M (as the space M is compact, this is always the 
case, any such structure is constructed by standard arguments with a partition 
of unit). The C{M)-valued Hermitian structure on T{E,M) is then given by 

{m,m){p)= {vii.p),m{p))Ej, y t{e,m) , p g m . (A. 39 ) 

The module T{E, M) is complete for the associated norm. It is also full since 
the linear span o/ {(771,772) , 771,772 G T(E,M)} is dense in C{M). Further- 
more, as the module is projective of finite type, it follows from Proposition 53 
(see later) that 
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EndciM){r{E,M)) ~ End°c(M)iE{E,M)) = E{EndE,M) (A.40) 

is the C* -algebra of continuous sections of the endomorphism bundle EndE — >■ 
M ofE. 

If M is only locally compact, one has to consider the algebra Cq{M) of 
complex-valued continuous functions vanishing at infinity and the correspond- 
ing module Eq{E,M) of continuous sections vanishing at infinity which again 
can be made into a full Hilbert module as before. But now one finds that 
Endc{M){Eo{E,M)) = Et,{EndE, M), the algebra of bounded sections, while 
End^Q^j^.^{rQ{E,M)) = Eo^EndE, M), the algebra of sections vanishing at 
infinity. 

It is worth mentioning that not every Hilbert module over C{M) arises in 
the manner described in the previous example. From the Serre-Swan theorem 
described in Sect. 4.2, one obtains only (and all) the projective modules of 
finite type. Now, there is a beautiful characterization of projective modules 
£ over a C'*-algebra A in terms of the compact operators EndP{£) [132, 122], 



Proposition 53. Let A be a unital C* -algebra. 

1. Let £ be a Hilbert module over A such that 1$ € EndP{£) (so that 
End{£) = EndP{£)). Then, the underlying right A-module is projective 
of finite type. 

2. Let £ be a projective module of finite type over A. Then, there exist A- 
valued Hermitian structures on £ for which £ becomes a Hilbert module 
and one has that Is G EndP{£). Furthermore, given any two A-valued 
non degenerate Hermitian structures ( , and ( , ) 2 , on £, there exists 
an invertible endomorphism T of £ such that 

{v,02 = {Tv,to, , Vt?,Cg£:. (A.41) 

Proof. To prove point 1., observe that by hypothesis there are two finite 
strings {^fc} and {(k} of elements of £ such that 

If: = X! ■ (A.42) 

k 

Then, for any tj G £, one has that 

V = '^SV = ^\^k) {Ck\v = ^^k{Ck,v)A ’ (A.43) 

k k 

and hence £ is finitely generated by the string {fk}- If N is the length of the 
strings {^fc} and {Cfc}, one can embed £ as a, direct summand of A^ , proving 
that £ is projective. The embedding and the surjection maps are defined, 
respectively, by 
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\:£^A^, A(t7 ) = ((Cl, ?7)^ , • • • , {Cn, v)a) ’ 

p-.A^^S, p((ai, • • • ,aAi)) = ^CfeOfc ■ (A.44) 

k 

Then, for any 77 € po\{r]) = p{{{Ci,v)a r", {Cn, v)a)) = Y.k Cfe (Cfc, = 

J2k l^fc) (Cfel iv) = ^siv): so that po A = If as required. The projector p= Xop 
identifies £ as pA^ . 

To prove point 2., observe that, as the module is a direct summand of 
the free module A^ for some N, the restriction of the Hermitian structure 
(A. 36) on the latter to the submodule £ gives it a Hilbert module structure. 
Furthermore, if p : A^ -^ £ is the surjection associated with £, the image 
Cfc = p{ek),k = 1, ... A^, of the free basis {cfc} of A^ described in Example 20 
is a (not free) basis of £. Then the identity If can be written as 

If: = X! 1^^=^ > (A.45) 

k 



and is an element of End\{£). 

Finally, from Sect. 4.3, given two Hermitian structures ( , , z = 1, 2 on f, 

there exist maps Qi : £ ^ £' =: HoniA{£,A), defined by 

QziOiv) =■ i = , y^,p€£. (A.46) 

One has that Qi{^a) = a*<5i(C), for any a £ A (remember the right A- 
module structure given to £' in (4.21)). The non degeneracy of the Hermitian 
structures is equivalent to the invertibility of the two maps Qi. Furthermore, 
since the Hermitian structures are both positive (from (A.20)), the invertible 

endomorphism 0 Q 2 of £ admits a square root^, T = o Q 2 . Then 

for any £ £, if follows that 

(TC,Tz7), = (TTC,z7)i = Qi(T2C)(p) 

= Qi(Qr'°Q2C)(^) = Q2(C)(^) 

= (C,^) 2 - (A.47) 



^ In fact, one needs a technical requirement, namely that (7*-algebra A be stable 
under holomorphic functional calculus. We recall that this means that for any a £ 
A and any function / which is holomorphic in a neighborhood of the spectrum 
of a, one has that f{a) £ A. 
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A. 4 Strong Morita Equivalence 

In this Appendix, we describe the notion of strong Morita equivalence 
[131, 132] between two C*-algebras. This really boils down to an equivalence 
between the corresponding representation theories. We refer to Appendix A. 3 
for the fundamentals of Hilbert modules over a C'*-algebra. 

Definition 30. Let A and B be two C* -algebras. We say that they are 
strongly Morita equivalent if there exists a B-A equivalence Hilbert bimodule 
£, namely a module £ which is at the same time a right Hilbert module over 
A with A-valued Hermitian structure ( , as well as being a left Hilbert 
module over B with B -valued Hermitian structure ( , )g such that 

1. The module £ is full both as a right and as a left Hilbert module; 

2. The Hermitian structures are compatible, 

(^,C)BC = ^(e,C)^ , Vr?,^,CG£:; (A.48) 

3. The left representation of B on £ is a continuous * -representation by 
operators which are bounded for ( , )^, i.e. {bv,br))A ^ 1 1 ^ 11 ^ (v,v)a- 
The right representation of A on £ is a continuous * -representation by 
operators which are bounded for ( , )g, namely {r]a,ria)ig < ||a||^ { va )] s - 

Example 22. For any full Hilbert module £ over the C* -algebra A, the latter 
is strongly Morita equivalent to the C* -algebra End\{£) of compact endo- 
morphisms of £. If £ is projective of finite type, so that by Proposition 53 
End\{£) = EndA{£), the algebra A is strongly Morita equivalent to the 
whole of End a{£). 

Consider then a full right Hilbert module £ on the algebra A with A-valued 
Hermitian structure ( , Now, £ is a left module over the C* -algebra 
End^{£). A left Hilbert module structure is constructed by inverting defi- 
nition (A. 27) so as to produce an End\{£) -valued Hermitian structure on 

{'ni.r]2)Eud\(e) ='■ l^i) (^721 , '7 r]i,r]2&£ . (A.49) 

It is straightforward to check that the previous structure satisfies all the prop- 
erties of a left structure including conjugate linearity in the second variable. 
From the definition of compact endomorphisms, the module £ is also full as a 
module over End\{£) so that requirement 1. in the Definition 30 is satisfied. 
Furthermore, from definition A. 27 one has that for any r]i,ri 2 ,f G £, 

{m,V2)Endo^(s)i=-\oi){m\iO = vi{m,OA > (^-50) 

so that also requirement 2. is met. Finally, the left action of End\{£) on £ as 
an A-module is by bounded operators. And, finally, for any a G A, rj,^ G £, 
one has that 
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{{va, m)End\(e) = (iva) (va, Oa > Oa 

= {r]aa* {v,0a’0a 

= iv,0*A<^^* (v,Oa 
<\\a\f{v,OAiv,OA 
< l | a ||^ {v{v,0a’0a 
<\\a\f{{v,v)EndO^(e)^^i)^ > (A-51) 

from which we find 

iva,va)EndO^(£)^M\^ iv,v)EndOje) > (A-52) 

which is the last requirement of Definition 30. 

Given any B-A equivalence Hilbert bimodule £ one can exchange the role 
of A and B by constructing the associated complex conjugate^ A-B equiva- 
lence Hilbert bimodule £ with a right action of B and a left action of „4. As 
an additive group £ is identified with £ and any element of it will be denoted 
by rj, with rj G £. Then one gives a conjugate action of A, B (and complex 
numbers) with corresponding Hermitian structures. The left action by A and 



the right action by B are defined by 

a ■ rj =: rja* , \/ a G A ,rj G £ , (A. 53) 

Tj ■ b=: b*r] , W b G B ,rj G £ , (A. 54) 

and are readily seen to satisfy the appropriate properties. As for the Hermi- 
tian structures, they are given by 

im,V2)A ^ (A.55) 

{Vi,V2)b =■ {Vi,V2)e ^ '^Vi,V2&£- (A.56) 



Again one readily checks that the appropriate properties, notably conjugate 
linearity in the second and first variable respectively, are satisfied as well as 
all the other requirements for an A-B equivalence Hilbert bimodule. 

As already mentioned, two strongly Morita equivalent C'*-algebras have 
equivalent representation theories. We sketch this fact in the what follows 
while referring to [131, 132] for more details. 

Suppose then that we are given two strongly Morita equivalent C*- 
algebras A and B with B-A equivalence bimodule £. Let {'H,tta) be a rep- 
resentation of A on the Hilbert space T~L. The algebra A acts with bounded 
operators on the left on T-L via tt. This action can be used to construct another 
Hilbert space 

Not to be confused with the dual module introduced in eq. (4.21). 



3 
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T~L' =: S % , T]a ip — t] (g)_4 7 t_4(o)V' = 0 , 
with scalar product 



y a G A, rj G S, ip G% , 
(A.57) 



(t7i (g)^ (g>yt ^>2) =: (V'l. {m^m ) > V 771,772 G s, ipi,ip2 G n . 

(A.58) 

A representation {%' ,t^b) of the algebra B is constructed by 

T^B{b){ri®Ai’) =■ {bri)®Ai’ , b G B, rj ®a'^ ^'bL' . (A. 59) 

This representation is unitary equivalent to the representation (PH,tta)- If 
one starts with a representation of B, by using the conjugate A-B equivalence 
bimodule £ one constructs an equivalent representation of A. Therefore, there 
is an equivalence between the category of representations of the algebra A 
and the category of representations of the algebra B 

As a consequence, strong Morita equivalent C'*-algebras A and B have 
the same space of classes of (unitary equivalent) irreducible representations. 
Furthermore, there also exists an isomorphism between the lattice of two- 
sided ideals of A and B and a homeomorphism between the spaces of primitive 
ideals of A and B. 

In particular, if a C*-algebra A is strongly Morita equivalent to some 
commutative C*-algebra, from the results of Sect. 2.2, the latter is unique 
and is the (7*-algebra of continuous functions vanishing at infinity on the 
space M of irreducible representations of A. 

For any integer n, the algebra M„(C) (g) Cq{M) ~ M„(Co(M)) is strongly 
Morita equivalent to the algebra Co{M). In particular, the algebras M„(C) 
and C are strongly Morita equivalent. 

It is worth mentioning that if A and B are two separable C*-algebras and 
/C is the (7*-algebra of compact operators on an infinite dimensional separable 
Hilbert space, then one proves [23] that the algebras A and B are strongly 
Morita equivalent if and only \i A® K. is isomorphic to B ® 1C. 

In [129], B-A equivalence Hilbert bimodules have been used to derive a 
very nice formulation of spinor fields. 



A. 5 Partially Ordered Sets 

Here we gather together some facts about partially ordered set. These are 
mainly taken from [142]. 

Definition 31. A partially ordered set (or poset for short) P is a set endowed 
with a binary relation ^ which satisfies the following axioms: 

Pi X <x , for all X G P; (f eflexivityj 
P 2 x<y and y^x ^ x = y; (antisymmetry j 

P 3 X ^y and y ^ z ^ x < z. (fransitivityj 
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The relation A is called a partial order and the set P will be said to be 
partially ordered. The relation x <y \s also read ‘a; precedes y\ The obvious 
notation x ^ y will mean x :< y and x ^ y; x P y will mean y ^ x and 
X y will mean y < x. Two elements x and y of P are said to be comparable 
if X ^ y or y ^ x; otherwise they are incomparable (or not comparable). A 
subset Q of P is called a subposet of P if it is endowed with the induced 
order, namely for any x,y G Q one has x y in Q if and only if x y in 
P. 

An element x G P is called maximal if there is no other y G P such that 
X ^ y. An element x G P is called minimal if there is no other y G P such 
that y ^ X. Notice that P may admit more that one maximal and/or minimal 
point. One says that P admits a 0 if there exists an element 0 G P such that 
0 ^ X for all X G P. Similarly, P admits a 1 if there exists an element 1 G P 
such that X ^ 1 for all x G P. 

Example 23. Any collection of sets can be partially ordered by inclusion. 
In particular, throughout the paper we have considered the collection of all 
primitive ideals of a C* -algebra at length. 

Example 24. As mentioned in the previous Appendix, the set of all possible 
topologies on the same space S is a partially ordered set. Ifxi and T 2 are two 
topologies on the space S, one puts ti ^ T 2 if and only if ti is coarser than 
T 2 . The corresponding poset has a 0, the coarsest topology, in which only 0 
and S are open, and a 1, the finest topology, in which all subsets of S are 
open. 

Two posets P and Q are isomorphic if there exists an order preserving 
bijection <f \ P ^ Q, that is x ^ y in P if and only if 4>{x) ^ 0(y) in Q, whose 
inverse is also order preserving. 

For any relation x ^ y in P, we get a (closed) interval defined by [x, y] = 
{z G P I X ^ 2 : ^ y}. The poset P is called locally finite if every interval of 
P is finite (it consists of a finite number of elements). 

If X and y are in P, we say that y covers x if x ^ y and no element z G P 
satisfies x z y. A locally finite poset is completely determined by its 
cover relations. 

The Basse diagram of a (finite) poset P is a graph whose vertices are 
the elements of P drawn in such a way that if x ^ y then y is ‘above’ x; 
furthermore, the links are the cover relations, namely, if y covers x then a 
link is drawn between x and y. One does not draw links which would be 
implied by transitivity. In Chap. 3 a few Hasse diagrams were given. 

A chain is a poset in which any two elements are comparable. A subset 
C of a poset P is called a chain (of P) if C is a chain when regarded as a 
subposet of P. The length £{C) of a finite chain is defined as t{C) = \C\ — 1, 
with \C\ the number of elements in C . The length (or rank) of a finite poset 
P is defined as £{P) =: max {£{C) | is a chain of P}. If every maximal chain 
of P has the same length n, one says that P is graded of rank n. In this case 
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there is a unique rank function p : P — >■ {0, 1, . . . , n} such that p{x) = 0 if a; 
is a minimal element and p{y) = p{x) + 1, if y covers x. The point x G P is 
said to be of rank i if p{x) = i. 

If P and Q are posets, their cartesian product is the poset P x Q on the 
set {{x,y) \ X G P,y G Q} such that (x,y) ^ {x',y') in P x Q if x ^ x' in 
P and y ^ y' in Q. To draw the Hasse diagram of P x Q, one draws the 
diagram of P, replaces each element a; of P by a copy Qx of Q and connects 
corresponding elements of Qx and Qy (by identifying Qx — Qy) if x and y 
are connected in the diagram of P. 

Finally we mention that the dual of a poset P is the poset P* on the same 
set as P, but such that x < y in P* if and only if y ^ x in P. If P and P* 
are isomorphic, then P is called self-dual. 

If X and y belong to a poset P, an upper hound of x and y is an element 
z G P for which x ^ z and y < z. A least upper hound of x and y is an upper 
bound z of X and y such that any other upper bound w of x and y satisfies 
z ^ w. If a, least upper bound of x and y exists, then it is unique and it is 
denoted x \J yQx join y\ Dually one can define the greatest lower bound x 
/\ y, ‘x meet y’, when it exists. A lattice is a poset L for which every pair of 
elements has a join and a meet. In a lattice the operations V and /\ satisfy 
the following properties 

1. they are associative, commutative and idempotent 
(x y X = X /\ X = x); 

2. X /\ {x \/ y) = X = X \/ {x /\ y) (absorbation laws); 

3. X !\y = X X \J y x <y. 

All finite lattices have the element 0 and the element 1. 
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We shall give a very sketchy overview of some aspects of the theory of pseudo 
differential operators while referring to [111, 146] for details. 

Suppose we are given a rank k vector bundle E ^ M with M a compact 
manifold of dimension n. We shall denote by E{E) the (^“(Ml-module of 
corresponding smooth sections. 

A differential operator of rank to is a linear operator 



P : E{M) — ^ P{M) , 

which, in local coordinates x = {x\, • • • , Xn) of M, is written as 






|o;|<m 



5|a| 

dx°^ dxf^ 






(A.60) 



(A.61) 



Here a = (oi, • • • , a„), 0 < aj < n, is a multi-index of cardinality |q;| = 
Each Aa is a k X k matrix of smooth functions on M and Aa 0 
for some a with jaj = to. 

Consider now an element f of the cotangent space TfM, ^ = ^jfjdxj. 
The complete symbol of P is defined by the following polynomial function in 
the components fj. 

m 

P^{x ,0 = J2p^-3^x, 0 , p^-j{x, 0 = > (A.62) 

1=0 \a\ = {m-j) 

and the leading term is called the principal symbol 

= p^{x,f) ^ Affx)C , (A.63) 

|o;|=m 



here Hence, for each cotangent vector ^ € TfM, the princi- 

pal symbol gives a map 

: A, ^ A, , (A.64) 

where E^ is the fibre of E over x. If t : T* M ^ M is the cotangent bundle 
of M and t*E the pullback of the bundle E to T*M, then, the principal 
symbol determines in an invariant manner a (fibre preserving) bundle 
homomorphism of t*E, namely an element of P{T*EndE — >■ T* M). 

The differential operator P is called elliptic if its principal symbol cr^(^) : 
Ex — >■ Ex is invertible for any non zero cotangent vector ^ G T*M. If M 
is a Riemannian manifold with metric g = since {ff) is polynomial 

in being elliptic is equivalent to the fact that the linear transformation 
: Ex ^ Ex is invertible on the cosphere bundle 



5*M= {(a;,0 G T*M I = 1} . 



(A.65) 
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Example 25. The Laplace- Beltrami operator A : C°°{M) — >• C°°{M) of a 
Riemannian metric g = {g^v) on M, in local coordinates is written as 

q2 s 

^/ = -E g^^ order terms . (A. 66) 

As for its principal symbol we have, 

= = ’ (A.67) 

flU 

which is clearly invertible for any non zero cotangent vector f. Therefore, the 
Laplace- Beltrami operator is an elliptic second order differential operator. 



Example 26. Suppose now that M is a Riemannian spin manifold as in 
Sect. 6.5. The corresponding Dirac operator can be written locally as, 

D = "f{dx^)d^ + lower order terms , (A. 68) 

were 7 is the algebra morphism defined in ( 6 . 48 ). Then, its principal symbol 
is just the ‘Clifford multiplication’ by f,, 

a^(a=7(0- (A.69) 

By using (6.49) one has 7 ('C)^ = ~| |'?| and the symbol is certainly in- 
vertible for f ^ t). Therefore, the Dirac operator is an elliptic first order 
differential operator. 



By using its symbol, the action of the operator P on a local section u of 
the bundle E can be written as a Fourier integral, 

{Pu){x) = J e^^^'‘^'>p{x,f)u{f)df , 

J e-'^^^"^u{x)dx , (A.70) 

with (C,x) = 

One uses the formula (A.70) to define pseudodifferential operators, taking 
p{x, (,) to belong to a more general class of symbols. The problem is to control 
the growth of powers in k. We shall suppose, for simplicity, that we have a 
trivial vector bundle over R" of rank k. 

With TO G K, one defines the symbol class Sym’^ to consist of matrix- 
valued smooth functions p{x,f) on R" x R", with the property that, for any 
x-compact K C R" and any multi-indices a, (3, there exists a constant Cxap 
such that 
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\D^^Dp{x,0\ < Ckc.0{1 + (A.71) 

with = (—z) 1^1 91 ^ 1 /9a;^ and D'^ = (— Furthermore, the 
function p{x,^) has an ‘asymptotic expansion’ given by 

00 

P{x,0 ■ (A.72) 

3=0 

where Pm-j are matrices of smooth functions on M” x R", homogeneous in ^ 
of degree (m — j) , 

Pm-j{x,X^) = X^~^pm-j{x,^) , Id > 1, A > 1 . (A. 73) 

The asymptotic condition (A.72) means that for any integer the difference 

N 

p{x,0 - '^Pm-j{x,0 = F^{x,0 (A.74) 

3=0 

satisfies a regularity condition similar to (A.71): for any x-compact K G M" 
and any multi-indices a,f3 there exists a constant Cxap such that 

< Ckc0{1 + . (A.75) 

Thus, G SymF~^~^ for any integer N. 

As we said before, any symbol p{x,^) G Sym™ defines a pseudodifferential 
operator P of order m by formula (A. 70) where now zz is a section of the 
rank k trivial bundle over M” and can therefore be identified with a C^- 
valued smooth function on R." . The space of all such operators is denoted by 
FDOm- Let P € FDOm with symbol p € SymP. Then, the principal symbol 
of P is the residue class = [p] G SymP / Sym^~^ . One can prove that 
the principal symbol transforms under diffeomorphisms as a matrix-valued 
function on the cotangent bundle of R". 

The class Sym~°° is defined by P|^ SywP and the corresponding oper- 
ators are called smoothing operators, the space of all such operators being 
denoted by FDO-oo- A smoothing operator S has an integral representa- 
tion with a smooth kernel which means that its action on a section u can be 
written as 

{Pu){x) = J K{x,y)u{y)dy , (A.76) 

where K{x,y) is a smooth function on R” x R" (with compact support). 
One is really interested in equivalence classes of pseudodifferential operators, 
where two operators P and P' are declared equivalent if P— P' is a smoothing 
operator. 

Given P G FDOm and Q G FDOf^ with symbols p(x, ^) and q{x, ^) respec- 
tively, the composition R = P o Q G FDOm+^i has symbol with asymptotic 
expansion 
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0 OD“q{x, C) . (A.77) 

a\ ^ 

a 

In particular, the leading term |a| = 0 in the previous expression shows 
that the principal symbol of the composition is the product of the principal 
symbols of the factors 



. (A.78) 

Given P G PDOm, its formal adjoint P* is defined by 

{Pu,v)l^ = {u,P*)l., (A.79) 

for all sections u,v with compact support. Then, P* G 'PDOm and, if P 
has symbol p{x,^), the operator P* has symbol p*{x,^) with asymptotic 
expansion 

- E '^DtD:ip{x,or , ( a . so ) 

cn 

with the operation * on the right-hand side denoting Hermitian matrix con- 
jugation (p(x,^))* = p{x,^) *, * being matrix transposition. Again, by taking 
the leading term |a| = 0, we see that the principal symbol of P* is just the 
Hermitian conjugate (cr^)* of the principal symbol of P . As a consequence, 
the principal symbol of a positive pseudodifferential operator R = P*P is 
nonnegative. 

An operator P G PDOm with symbol p{x,^) is said to be elliptic if 
its principal symbol G Syrrf^ / SymP~^ has a representative which, as 
a matrix- valued function on T*K." is pointwise invertible outside the zero 
section ^ = 0 in T*IR”. An elliptic (pseudo-)differential operator P G PDOm 
admits an inverse modulo smoothing operators. This means that there exists 
a pseudodifferential operator Q G PDO-m such that 

PQ-I= Si , 

QP-I=S2 , (A.81) 

with Si and S 2 smoothing operators. The operator Q is called a paramatrix 
for P. 

The general situation of pseudodifferential operators acting on sections 
of a nontrivial vector bundle E -G M , with M compact, is worked out with 
suitable partitions of unity. An operator P acting on P{E -G M) is a pseu- 
dodifferential operator of order m, if and only if the operator u 1 — (f>P{'tjju) 
is a pseudodifferential operator of order m for any </>, G which are 

supported in trivializing charts for E. The operator P is then recovered from 
its components via a partition of unity. Although the symbol of the opera- 
tor P will depend on the charts, just as for ordinary differential operators, 
its principal symbol has an invariant meaning as a mapping from T* M 
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into endomorphisms of E ^ M . Thus, ellipticity has an invariant meaning 
and an operator P is called elliptic if its principal symbol is pointwise 
invertible off the zero section of T*M. Again, if M is a Riemannian manifold 
with metric g = since cr^(^) is homogeneous in being elliptic means 

that the linear transformation a^(£) : — >■ E^ is invertible on the cosphere 

bundle S*M C. T*M. 

Example 27. Consider the one dimensional Hamiltonian given, in ‘momen- 
tum space’ by 

H{^,x)=e + V{x) , (A.82) 

with V{x) G C°°(K). It is clearly a differential operator of order 2. The follow- 
ing are associated pseudodifferential operators of order —2, 1,-1 respectively 

[54], 

+ ... , 

(C + = r' - , (A.83) 

where is the k-th derivative of V with respect to its argument. 

In particular, for the one dimensional harmonic oscillator V(x) = x^. The 
pseudodifferential operators in (A.83) become, 

(p + x^)-^ = + 4x8“^ + ... , 

«^ + xy/» = ? + d^-i_|r“ + ... . 

I V'" = r‘ - yr’ + yr- + ... . 



(A.84) 
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differential algebra of universal forms, 

105, 107 

Dirac operator, 96 

Dirac operator on a circle lattice, 167 
direct limit, see inductive limit 
direct system, see inductive system 
distance 

- geodesic, 97, 98, 151 

- on the state space, 99 
Dixmier trace, 86, 119 

- as a Wodzicki residue, 91 

- and gravity, 152 

Einstein-Hilbert action, 146, 152, 155, 
160 

endomorphism 

- of a module, 66, 178 

- unitary, 67 
exterior 

- differential, Connes’, 111 

- differential, universal, 107 



fermionic action, 147, 148 
Fibonacci numbers, 76 
field strength (gauge), 123 
finitary approximation, 23, 25 
finite rank operator, 18 
forms 

- inner product on, 119 

- junk. 111, 123 

- noncommutative Connes’, 111 

- on a manifold, 113 

- universal, 105 
function 

- vanishing at infinity, 8, 172 

~ with compact support, 8, 172 

gauge potential, 128, 133, 143 
gauge transformations, 124, 130, 134 

- and inner automorphisms, 142, 144 
Gel’fand 

- space, 11 

- topology, 11 

- transform, 12 
Gel’fand-Naimark theorem 

- commutative, 11-13 
geodesic distance, 97, 98, 151 
GNS construction, 14, 174-176 
Grothendieck group, 70 

Harmonic oscillator, 192 

- and Dixmier trace, 89 

- and Wodzicki residue, 90 

- pseudodifferential operators associ- 
ated with the, 192 

Basse diagram, 25, 186 

heat kernel expansion, 119, 144, 154 

Hermitian structure, 65 

- connection compatible with a, 129 
Hilbert module, 177 

- full, 178 
Hilbert space 

- associated with a noncommutative 
lattice, 55 

- associated with a point of a 
noncommutative lattice, 55 

hull kernel topology, see Jacobson 
topology 

ideal, 9 
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- essential, 9 

- maximal, 9, 12 

- modular, 12 

- primitive, 11, 43 

- of an AF algebra, 43 

- regular, 12 

- 9 
idempotent, 13 
induced gravity, 153 
inductive limit 

- of algebras, 36, 56 

- of Hilbert spaces, 56 
inductive system 

- of algebras, 36, 56 

- of group, 73 

- of Hilbert spaces, 56 

- of semigroup, 73 
infinitesimal, 84 

- of order one, 85 
inner product 

- on forms, 119 

inverse limit, see projective limit 
inverse system, see projective system 
isometry, 69 

- partial, 69 

Jacobson topology, 12, 15 

- and partial order, 36 
Jordan algebra, 20 

Jf-theory of inductive systems, 73 
Ko{A), 70 

- for an AF algebra, 71 
Ko+{A), 71 

K^{A), 80 

Jf-cycle, see spectral triple 
Kuratowski axioms, 15, 171 

Laplacian (covariant) on a circle lattice, 
168 

Lichnerowicz formula, 96, 153 
liminal d*-algebra, 19 
limit point, 171 

Line bundle on a circle lattice, 167 
Lipschitz element (in an algebra), 94 

maximal chain (in a noncommutative 
lattice), 55 

measurable operator, 92 



module, 60 

- basis of a, 61 

- dimension of a, 61 

- dual (over a ‘-algebra), 65, 129 

- dual (over an algebra), 60 

- finite projective, 63 

- free, 61 

- generating family for a, 61 

- Hermitian, 65, 177, 180 

- Hilbert, 177 

- of finite type, 61 

- projective, 62 

- and connections, 127 

Morita equivalence, 47, 55, 183, 185 
morphism 

- C*-algebras, 10 

- of modules, 60 

noncommutative lattice, 35 

- quantum mechanics on a, 165-169 
norm, 8 

- Lipschitz, 97 

- on a Hilbert module, 177 

- operator, 9 

- supremum, 8 

operator 

- differential, 188 

- elliptic, 188 

- pseudodifferential, 189 

- elliptic, 191 

- smoothing, 190 
ordered group, 71 

paramatrix, 191 
partial embedding, 39 
partial order, 24 

- and topology, 24, 25 
partially ordered set, see poset 
Penrose tiling 

- algebra of the, 73 
poset, 23, 24, 185 

- as noncommutative lattice, 35 

- as structure space, 35 

- locally finite, 186 

- of all topology on a space, 173, 186 
positive cone (in an ordered group), 71 
positive element, 10 

postliminal C* -algebra, 19 
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PrimA, 14 

- bundle of C*-algebras over, 58 

- bundle of Hilbert spaces over, 58 

- of a commutative AF algebra, 41 

- of an AF algebra, 43 

- operator valued functions on, 57 
primitive spectrum, see PrimA 
projective limit, 31, 33 
projective module of finite type, see 

finite projective (module) 
projective system, 30 
projector, 13, 66 

- addition, 70 

- equivalence, 69 

- formal difference, 70 
proper map, 13 

real element (of an algebra), 20 
real spectral triple, 101 
real structure 

- canonical, 102 

- for a spectral triple, 101 
regional topology, 17 
representation, 10 

- equivalence of, 11 

- faithful, 10 

- GNS, 174 

- irreducible, 10 
resolvent, 9, 93 
resolvent set, 9 

scaled ordered group, 81 
Seeley-de Witt coefficients, 154 
self-adjoint element (of an algebra), 10, 
20 

separating vector, 101 
spectral action 

- bosonic, 144 

- fermionic, 149 

- for gravity, 153 
spectral radius, 10 
spectral triple, 93 

- canonical (over a manifold), 95, 153, 
161 

- dimension of a, 99 

- distance associated with a, 99 

- equivalent, 103 

- even, 93 

- integral associated with a, 99 



- odd, 93 

- product, 102 

- real, 101 
spectrum, 9 

- joint, 12 
Standard Model 

- bosonic part, 139 

- fermionic part, 149 
state, 174 

- pure, 14, 174 
structure equations, 159 
structure space, 12, 14 

- of a commutative algebra, 11, 97 
symbol 

- complete, 188, 189 

- principal, 188, 190 
symbol map, 114 

theorem 

- Connes’ trace, 91 

- Serre-Swan, 63 

^-quantization on a circle lattice, 165 
topological action, 135 
topological space 

- compact, 172 

- connected, 13 

- Hausdorff, 11, 172 

- locally compact, 172 

- metrizable, 13 

- second- count able, 41 

- To, 16, 172 

- Ti, 17, 172 

- T2, 172 

- totally disconnected, 41, 173 
topology 

- and partial order, 24, 25 

- finitary, 23 

- Hausdorff, 172 

- norm, 8 

- regional, 17 

- To, 172 

- Ti, 172 

- T2, 172 

- uniform, 8 

- via detectors, 22 

- weak, 101 

unitary endomorphism 

- of a module, 67 
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unitary group 

- of a module, 67 

- of an algebra, 67, 123 

vector potential (gauge), 
Weyl formula, 100 



Wodzicki residue, 89 

- and gravity, 152 

- and heat kernel expansion, 152 

- as a Dixmier trace, 91 

Yang-Mills action, 124, 135 




